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Abstract:

Motivated by the design of fault-tolerant multiprocessor interconnection networks, this paper

considers the following problem: Given a positive integer t and a graph H, construct a graph G from H
by adding a minimum number A(t, H) of edges such that even after deleting any t edges from G the
remaining graph contains H as a subgraph. We estimate A(t, H) for the torus, which is well known as a very

important interconnection network for multiprocessor systems.
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1. INTRODUCTION

Motivated by the design of fault-tolerant multiprocessor
interconnection networks, this paper considers the follow-
ing problem: Given a positive integer t and a graph H,
construct agraph G from H by adding a minimum number
of edges such that even after deleting any t edges from
G the remaining graph contains H as a subgraph. We
construct such graphs by adding a small number of edges
for the torus, which is well known as an important inter-
connection network for multiprocessor systems. Many re-
lated results can be found in the literature.

Let G be agraph and let V(G) and E(G) denote the
vertex set and the edge set of G, respectively. For any S
c E(G), G\Sis the graph obtained from G by deleting
the edges of S.

Let t be a positive integer and let H be a graph. A
graph G is called a t-EFT (t-edge-fault-tolerant) graph
for H if G\S contains H as a subgraph for every S
c E(G), with | S| = t. Let A(t, H) denote the minimum
number of edges added to H to construct a t-EFT graph
for H with |V (H)| vertices.
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Let D,(k) denote the n-dimensional k X k X - - -
X k torus. D,(2) is known as the n-cube. The following
results can be found in the literature:

(1) [18, 21, 26] A(L, Dn(2)) = 2" L.

(11) [28] A(t, Do(2)) = O(t2nllogz<t - C c)) ,

ift =2, wherec =1 + log.e.
(111) [10] A(t, Do(p)) = tp",ift=p+1—nandp
isaprime.

In this paper, we generalize the results above and show
the following:

1. A(L Dy(K)) = k", if k = 3.

2. A(t, Du(p")) = (t = 1)p™{2log,(n/(t — 1) + c,)
+ ¢} +pnift=2andp' = 3,

3. A(t,Dy(p)) =tp" ift=p+1—-—nandp' = 3,

where p is a prime, k and | are positive integers, and c,
=1+ log, e.

The notion of the matric graph was introduced in [ 28]
as a natural generalization of the hypercube. The upper
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bound for A(t, D,(2)) in (1) wasproved by constructing
matric graphs associated with basis matrices of error-
correcting binary linear codes. The essentially same con-
struction was proposed in [13] independent of [28].
Here, we further extend the notion of the matric graph to
be a generdlization of the torus. The upper bounds for
A(t, Dy(k)) in (1), (2), and (3) are proved by con-
structing t-EFT matric graphs for D, (k) associated with
basis matrices of error-correcting linear codes. It is inter-
esting that the t-EFT matric graphs for D,,(k) proposed
here have a strong fault-tolerance property. We show that
even after deleting tk" edges of t different dimensions
from at-EFT matric graph for D,,(k) the remaining graph
still contains D, (k) as a subgraph.

2. MATRIC GRAPHS AND TORI

Let K = 2 be an integer and let [k] = {0, 1, ..., k
— 1} . Then-dimensional k X k X - - - X ktorus, denoted
by D,(k), is defined as follows: V(D,(k)) = [K]"™;
E(Dn(k)) = {(u,v)|Ov = (w = 1)mod k, Oj =iy
=y}, whereu = (U, U, ..., Uy) and v = (vy, vy, . . .,
vn) - Dn(2) is called the n-cube (n-dimensional cube). It
is easy to see that D,(k) is connected and |V (D,(k))|
=k". If k = 3, | E(Dn(k))| = nk", since the degree of
each vertex of D, (k) is 2n. Since the degree of each
vertex of D,(2) isn, | E(D.(2))| = 2" *. An edge (u,
v) is called an i-edge (i-dimensiona edge) if v; = (u;
= 1)mod k and u; = v; for any j # i.

Let M be an m X n matrix over [k], which is an m
by n matrix consisting of 0's, 1's, ..., and (k — 1)’s.
Let r; and ¢ denote the i-th row and the j-th column of
M, respectively. Define R(M) = {ry, o, ..., Iy} and
C(M) ={ci,C, ..., Ci}.

The matric graph associated with an m X n matrix
M over [K], denoted by G,(M), is defined as follows:
V(G(M)) = [k]"; any two vertices u and v are joined
by [{r € R(IM)|u + v = r}| parallel edges if k = 2,
and [{r e RM)|lu=v +r}| + [{re RIM)|v=u
+ r}| parallel edges otherwise, where vector addition is
performed modulo k. An edge (u, v) of G(M) is said
to be of dimension r(eR(M)) ifu=v +rorv=u
+ r. For r € R(M), E(r) is the set of al edges of
dimension r of G,(M). For S < R(M), E(S) = U,cs
E«(r). If k = 3, each vertex of G,(M) is incident to two
edges of dimensionr for any r € R(M), and so the degree
of each vertex of G(M) is 2m. Thus, |E(G(M))]
= mk" if k = 3. Since each vertex of G,(M) is incident
to an edge of dimension r for any r € R(M), the degree
of each vertex of G,(M) ism. Thus, | E(G,(M))| = m2™ .
For Sc R(M), let M\ S denote the matrix obtained from
a matrix M by deleting the rows of S. It is easy to see
the following two lemmas from the definition of the ma-

tric graph:

Lemma 1. If I, isthe n X n unit matrix over [Kk], then
Gi(l,) is isomorphic to D,(k). Moreover, the edges of
dimensionr; of G(l,) correspond to thei-edges of D, (k).

Lemma 2. G,(M\S) isisomorphic to G,(M)\E.(S).

Lemma 3. If a matrix M over [K] has a column con-
sisting of 0’s, then G,(M) is disconnected.

Proof. Assume that ¢ = O for some i. Define V,
={v e V(G,(M))|v = j} for any j € [K], where v
= (g, «..y Vn). Mo, ..., V1) is a partition of
V(G(M)). Since ¢ = 0, there exists no edge joining
a vertex in V, and a vertex in V(G(M)) — V, = V,;
U .-+ U V. Hence, G (M) is disconnected. [ |

Let p be a prime. It should be noted that the addition
and multiplication modulo p corresponds to the addition
and multiplication over GF(p), respectively.

Lemma 4. If M’ is a matrix obtained from an m X n
matrix M over GF(p) by elementary column operations,
then G,(M’) is isomorphic to G,(M).

Proof. Let N = 0, A € [p]. It suffices to prove the
following: (i) If M’ is a matrix obtained from M by
multiplying column ¢, by N\, 1 = j; = n, then G,(M')
is isomorphic to G,(M); (ii) if M’ is a matrix obtained
from M by exchanging column ¢, with column ¢, 1
= j1 < j2 = n, then Gy(M") is isomorphic to G,(M);
and (iii) if M’ is a matrix obtained from M by adding
column \c;, to ¢, j1 # j», then G,(M") is isomorphic to
G,(M).

Proof of (i). Let ¢, be a mapping from V (G,(M))
to V(Gy(M")) such that

o1(V) = (vg, ..+, Nj, -eey Un)-

If o1(u) = @i(v), thenu; = v (j # ji) and Ay, = \y;,.
Thus, u, = v;,, and so u = v. Thus, ¢, is a one-to-one
mapping. Since |V (Gy(M))| = [V(Gy(M"))| = p", ¢,
is a bijection.

Let r{ denote thei-throw of M". If r; = (X¢, ..., Xa),
thenr{ = (X¢, ..., AX;, ..., %). Sinceu + r; = v if
and only if p;(u) + r{ = py(v),andv + r; = u if and
only if wi(v) + r{ = ¢1(u), we conclude that (u, v)
€ E(Gy(M)) if and only if (¢1(u), ¢1(V)) € E(Gy(M")).
Thus, G,(M) is isomorphic to G,(M').

Proof of (ii). Let v, be a mapping from V (G,(M))
to V(G,(M")) such that

©2(V) = (V1, ooy Ujpy ooy Ugy oy Un).



If p2(u) = @o(v), thenu; = v (1 =j=n),andsou
= v. Thus, ¢, is a bijection.

Ifri =, ..., %), thenr!{ = (X, ..., X,, ...,
X, .., %). Since u + r; = v if and only if y,(u)
+ 1! = @y(v),and v + r; = u if and only if p,(V) + r/
= p,(u), we conclude that (u, v) € E(G,(M)) if and
only if (v2(u), v2(v)) € E(G,(M")). Thus, Gy,(M) is
isomorphic to G,(M').

Proof of (iii). Let o3 be a mapping from V (G,(M))
to V(G,(M")) such that
()03(V) = (Ul, Ceay Ujl + )\sz, Ceay Un).

If p3(u) = ws(v), then u; = v; (j # j1) and U, + \u;,
= v, + \vj,. Since u;, = vj,, we obtain u;, = v;,, and so
u = V. Thus, ¢; is a bijection.
Ifri =X, ..., %), thenr{ = (X, ..., X, + AX,,
..y %). Sinceu + r; = vif and only if ws(u) + rf
p3(v), and v + r; = u if and only if ¢s(v) + r{
= ps(u), we conclude that (u, v) € E(G,(M)) if and
only if (ps(u), ¢s(v)) € E(G,(M')). Thus, Gy,(M) is
isomorphic to G,(M"). |

Theorem 1. For any n X n matrix M over GF(p),
G,(M) is isomorphic to D,(p) if and only if M is non-
singular.

Proof. If M isnonsingular, then we can obtain the unit
matrix |, from M by elementary column operations. Thus,
G,(M) is isomorphic to D,(p) by Lemmas 1 and 4.

If M is singular, then we can obtain a matrix with a
column consisting of 0's from M by elementary column
operations. Thus, G,(M) is not isomorphic to D,(p),
since G,(M) is disconnected by Lemmas 3 and 4. N

Corollary 1. For any m X n matrix M over GF(p),
G,(M) contains D,(p) as a subgraph if and only if the
rank of M is n.

Proof. If the rank of M is n, then there exists S
C R(M) with |S| = m — n such that M\Sis an n
X n nonsingular matrix over GF(p). Thus, G,(M\S) is
isomorphic to D,(p) by Theorem 1, and so G,(M) con-
tains D,(p) as a subgraph by Lemma 2.

If the rank of M is less than n, then we can obtain a
matrix with a column consisting of 0’sfrom M by elemen-
tary column operations. Thus, G,(M) is disconnected by
Lemmas 3 and 4. Since |V (G,(M))| = [V (Dn(p))I
= p", we conclude that G,(M) does not contain D,(p)
as a subgraph. |

For any vector v = (vq, v,, . .., Uy) CONSisting of inte-
gers, vmod k is defined as (v;mod k, vomodKk, . . . , uymod
k). An m X n matrix M over [K] is said to have property
4 if the following condition is satisfied: If (ar; + a.r,
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+ -+ 4+ ayrm)ymod k = 0 holds for &, a, ..., an
€ [K],thena; = a, = - - - = a, = 0. It should be noted
that 9, is ageneralization of the linear independency. The
following theorem does hold even if k is not a prime:

Theorem 2. For any n X n matrix M over [k], G(M)
is isomorphic to D, (k) if and only if M has property .

Proof. In what follows, we denote G,(M) and D, (k)
by G and D, respectively.

Assume that M has property .. Let ¢ be a mapping
from V(D) to V(G) such that ¢(v) = (vif1 + vaf»
+ - -+ 4+ vry)mod k, where v = (vy, vz, ..., vy). If
$(u) = ¢(v), then

d(u) — d(V) = (Ury + Ul + + + + + Ur,)mod k

— (v + vy + ¢+ 4+ vr)mod k = 0,

that is,

((ug —v)ry + (U —v)rp + - - - "
+ (U, — va)r,)mod k = 0.

FOI’GHYI=1,2,,I’],|eta| = U — v |fuI Zui,and

a = U — v; + k otherwise. It should be noted that &
€ [k],and if & = O, then u, = v;. By Eq. (1), we have
(airy + ar, + - -+ + a,r,)ymod k = 0,
and so a, = O for any i since M has property Y. Thus,
u =v foranyi =12, ...,n,and ¢ is a oneto-one
mapping. Since |V (D)| = |V(G)| = k", ¢ isabijection.

Now we prove that ¢ is an isomorphism between G
and D. It is sufficient to show that (u, v) € E(D) if and
only if (¢(u), ¢(v)) € E(G). If (u, v) € E(D), then
v=(u+e)modkoru=(v+ e)modk for somei,
where g is the i-dimensional unit vector. Thus, ¢(Vv)
= (¢p(u) + ri)mod k or ¢p(u) = (H(v) + r;)mod k, and
so (p(u), d(v)) € E(G). If (¢(u), ¢(v)) € E(G), then
$(v) = (¢(u) + ri)mod k or ¢(u) = (H(v) + ri)mod
k for some i. Thus, ¢(v) = ($(u) + ¢(e))mod k or
d(u) = (d(v) + ¢(e))mod k, that is, ¢(v) = ¢((u
+ e )mod k) or ¢(u) = ¢((v + ¢ )mod k). Since ¢ is
a bijection from [k]" to [k]", v = (u + ¢)mod k or u
= (v+ e)modk, and so (u, v) € E(D). Thus, (u, v)
€ E(D) if and only if (¢(u), #(v)) € E(G). Hence, ¢
is an isomorphism and G is isomorphic to D.

Assume that M does not have property . Since ¢ is
not a one-to-one mapping and |V (D)| = |V(G)| = k",
there exists some v ¢ ¢(V(D)). If G is connected, then
there exists a path P from O to v. Let P = vpvy - - - vy,
wherev, = 0and vy = v. Then, forany j = 1, 2, ...,
d, there exists some i such that v; = (vj_; + r;)mod k or
V, = (V1 — r;)mod k. Sincev ==, (v — v, ;), vcan
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be expressed asv = (air; + axf, + - - + ary)mod k
for some integers a,, &, . . ., and a,. Thus, we conclude
that fora = (a1, &, ..., a,)mod k € V(D), ¢(a) = v,
a contradiction. Thus, G is disconnected, and, hence, G
is not isomorphic to D. |

3. t-DFT MATRIC GRAPHS FOR D, (k)

Let M be an m X n matrix over [K]. G(M) is called a
t-DFT (t-dimension-fault-tolerant) matric graph for
D, (k) if G(M)\E(S) (=G(M\S)) contains D, (k) as
asubgraph for any Sc R(M), with | S| = t. Define A(t,
n, k) = min{|E(G«(M))| — [E(Dn(k))|[G(M)
: t-DFT matric graph for D, (k)}. Since the degree of
each vertex of G (M) is mif k = 2 and 2m otherwise,
the problem of finding A(t, n, k) is equivalent to the one
of finding the minimum number of rows of a matrix M
such that G(M) is a t-DFT matric graph for D, (k).

3.1. The Case When k is a Prime p

The following theorem characterizes the t-DFT matric
graph for D,(p). Recdl that the Hamming weight of a
vector v over GF(p) is the number of nonzero elements
of v:

Theorem 3. For any m X n matrix M over GF(p),
G,(M) is a t-DFT matric graph for D,(p) if and only if
the Hamming weight of any linear combination of C(M)
isat least t + 1.

Proof. Assume that there exists a linear combination
of C(M) such that its Hamming weight is at most t. Then,
we can obtain a matrix M’ with a column (say, the j-th
column) of Hamming weight at most t from M by some
elementary column operations. Let S be the set of rows
of M corresponding to the rows S’ of M’ whose j-th
elements are nonzeros. Since the j-th column of M'\ S’
consists of 0's, G,(M’\'S") does not contain D,(p) as a
subgraph by Corollary 1. Since G,(M\S) is isomorphic
to G(M'\S') by Lemma 4 and |S| = |S'| = t, we
conclude that G,(M) isnot at-DFT matric graph for D,(p).

Conversely, assume that the Hamming weight of any
linear combination of C(M) is at least t + 1. Then,
C(M\S) is linearly independent for any S< R(M) with
|S| = t, and the rank of M\Sis n. Thus, G,(M\YS)
contains D, (p) as a subgraph by Corollary 1, and we
conclude that G,(M) is at-DFT matric graph for D,(p).

|

Theorem 3 means that for any m X n matrix M over
GF(p), Gy(M) isat-DFT matric graph for D,(p) if and
only if C(M) isabasis of an n-dimensional vector space
over GF(p) such that the Hamming weight of any non-

zero vector is at least t + 1. Thus, t-DFT matric graphs
can be characterized by error-correcting linear codes. Re-
call that the minimum distance for a linear code C is
min{ dy(u, v)|u = v, u,v e C}, wheredy(u, v) isthe
Hamming distance between u and v, that is, the number
of positions in which they differ.

Theorem 4. For any m X n matrix M over GF(p),
G,(M) is a t-DFT matric graph for D,(p) if and only if
C(M) is a basis of an n-dimensional linear code over
GF(p) with minimum distance at least t + 1.

The following bounds for the existence of n-dimen-
sional linear codes over GF(p) with minimum distance
a least t + 1 are well known. (See, eg., [24]).

Theorem I. If there exists an n-dimensional linear code

over GF(p) with minimum distance at least t + 1 and
length m, then

x/20 /m
prt= Y (p—l)'<.)-
i=0 I
Theorem Il. If

"> 3 (p- 1)‘<mi_ 1) ,

i=0

then there exists an n-dimensional linear code over GF(p)
with minimum distance at least t + 1 and lengthm. W

The inequalities of Theorems | and Il are well known
as Hamming-bound and Varsharmov—Gilbert-bound, re-
spectively. It should be noted that Theorem |1 is proved
constructively. In what follows, we estimate A(t, n, p)
from Theorems 4, I, and Il. We need a few lemmas:

Lemmab. For 1 = k = m,

(e =3 e n(7)=# ()

Proof. Let S,(m, k) = Sk, (p — 1)'(M).
First, consider the first inequality. Trivialy,
m
k

S(m, k) = (p - 1)k< ) = (p- 1"

mm-1)---(m-k+1)_ of M\
% Kl =(p 1)<k>'



Now consider the second inequality. By induction on
m and Kk,

1. Since S;(m, 1) = (p — 1)m + 1 = pmand S,(k, k)
= p*, the claim istrue if k = 1 or m = k.
2. Let 2 = k < mand assume that the claim is true for

S(m, k'), §(m'k), and §(m’, k") withm > m’ and
k > k’. Since

(7= ("))

foranyi,1=i=m-1,S(m, k) =S(m-1k)
+(p—-1)-S(m—-1k—-1). Thus,

k<km—l 1_k—1m_1
smi=p(" )+ o-n-0(1 )
k. m-1 m-1 o (m -
=P {< K >+<k—1)}‘p<k>'
Lemma 6 [16].
m em\
<k>s<7>'

Lemma 7. Lety = 1 + logye. If X — log,x =y, then x
=y + 2logpy.

Proof. Assume contrary that x >y + 2 log,y and let
g(z) = z — log, z. Since g(z) is an increasing function
forz>log,eandx >y + 2log, y = 1 + log, e, we
have

g(x) —y>g(y + 2logpy) —y

2

y

= 2logyy — logy(y + 2 l0gyy) = logy /=10~

Sincey’ =y + 2log, y forany y = 1 + log, e, we
obtain x — log, X >y, which is a contradiction. |

Theorem 5. Let M be an m X n matrix over GF(p). If
G, (M) isa t-DFT matric graph for D,(p) (t = 2), then

t (p—1)n
=n+| = |log,*P—=1
m=n {2J % q20

Proof. If G,(M) is a t-DFT matric graph for D,(p),
then C(M) is a basis of an n-dimensiona linear code
over GF(p) with minimum distance at least t + 1 by
Theorem 4. Thus, by Theorem | and Lemma 5, we have
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k /m — 1ym¥
i=0 | k

where k = BJ Hence,

—1)m —1)n
(P k) ~ Klog, P= 1N

|
k

m — n = k log,

Theorem 6. Thereexistsan m x nmatrix M over GF(p)
such that G,(M) is a t-DFT matric graph for D,(p) (t
= 2) and

m=n+ (t - 1){2Iogp<ﬁ+ cp> +cp} + 1,

where ¢, = 1 + logye.

Proof. By Theorems 4 and Il, if

t—1 _ 1
-3 e-u(" @

i=0

then there exists an m X n matrix M over GF(p) such
that G,(M) is a t-DFT matric graph for D,(p). Let m’
be the minimum number of m satisfying (2). Then,

, 2 [m' =2

=S (™2
o (m =1
S_Z(p—l)'(mi )

Thus, by Lemmas 5 and 6,

pm’flfn - ep(m, — 1) ot
B t—1 ’

that is,

’

m’—l—ns(t—1)<logpm

+1+log, el ,
—1 gp>

that is,
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Sincec, = 1 + log, e, by puttingx = (m’" — 1)/(t — 1)
andy = n/(t — 1) + ¢, in Lemma 7, we obtain

m -1
t—1

=" e +2i0g( " e
=t-1 > NiZ17 %)

Hence,

m=n+(t— 1){2Iog<ﬁ+cp> +cp} +1 N

Since the numbers of edges of G,(M) and D,(p) are
mp" and np", respectively, we obtain from Theorems 5 and
6 the following upper and lower bounds for A(t, n, p):

Theorem 7. For any prime p = 3,

H gnjog P DN _
HE St

= (t— 1)p”{2 Iogp<ﬁ + cp> + cp} +p",

wheret = 2and ¢, = 1 + log,e. u

Since the numbers of edges of G,(M) and D,(2) are
m2"~* and n2""*, respectively, we obtain from Theorems
5and 6

¢ n
Elony = A(t, N, 2
lzJ 0% ypp= AN 2)

n
t—1

= (t - 1)2"‘1{2 Iogz( + oz> + cz} + 21

which was proved in [ 28] . We can show the precise value
of A(1, n, p) asfollows:

Theorem 8. A(1, n, p) = p" for any prime p = 3.

Proof. If M isthe n X (n + 1) matrix over GF(p)
obtained from |,, by adding a row consisting of 1's, then
M satisfies the condition of Theorem 3 for t = 1. Thus,
A(L, n,p) =p".

If M isan m X n matrix over GF(p) such that G,(M)
isa 1-DFT matric graph for D,,(p), thenm=n + 1, and
so A(L, n, p) = p". |

3.2. The Case When k = 3 Is an Integer

For any matrix M = (my) consisting of integers, let M
mod k = (my;mod k).

Lemma 8. Let k = kik,, wherek, = 2fori = 1, 2.
Then, an n X n matrix M over [k] has property J if
and only if M mod k; has property 4, and M mod k,
has property .

Proof. Assume that M does not have property 9, that
is, there exists some a;, &, ..., a, € [Kk], not al zero,
such that

(airy + afx, + - -+ + ar,)modk = 0. (3)
Let a/ = amod k; fori =1, 2, ..., n. Then, (air;
+ asr, + -+ - + ajrp)mod k; = 0 by Eq. (3). Thus, if
a/ #+ O0for somei, then M mod k; does not have property
Jo. Ifal =0foranyi =12 ...,n,thena = a/k
€ [k)] foranyi =1, 2,...,nandthey are not al zero.
Since (air, + asr, + - -+ + ajr,)mod k, = 0 by Eq.
(3), M mod k, does not have property ..

Conversely, assume that M mod k; does not have prop-
ety 9, fori = 1 ori = 2. We may assume without loss
of generality that M mod k; does not have property 9, .
Then, there exists a;, a,, ..., a, € [k], not al zero,
such that (a;r; + a)r, + + - - + arp)mod k; = 0. Since
Ka,, Koaz, ..., ka, € [K] and (kxair; + kear, + - - -
+ keayr,)mod k = 0, we conclude that M does not have
property Y. |

Corollary 2. Let p be a prime and let | be a positive
integer. Then, an n X n matrix M over [p'] has property
I if and only if M mod p has property 4.

Proof. The proof is by induction on | using
Lemma 8. |

Corollary 3. Let x be a positive integer and let k
= pip2- - - py, wherep isaprimeand |; is a positive
integer for any i, 1 = i = x. Then, an n X n matrix M
over [k] has property 4 if and only if M mod p, has
property J, foranyi =1,2,...,x

Proof. The proof is by induction on x using Corollary
2 and Lemma 8. |

Theorem 9. A(1, n, k) = k" for any integer k = 3.

Proof. If M isthe (n + 1) X n matrix obtained from
I, by adding a row consisting of 1's, then G,(M) is a
1-DFT matrix graph for D,(p) for any prime p. Thus, if
M’ is the matrix obtained from M by deleting any one
row, then G,(M") isisomorphic to D,(p), and so M’ has
property 9, by Theorem 2. By Corollary 3, M’ has prop-
erty 9, for any positive integer k = 3, and so G,(M’) is
isomorphic to D,(k) by Theorem 2. Hence, G,(M) is a
1-DFT matric graph for D,(k), and A(1, n, k) = k".

If M isam X n matrix such that G,(M) is a 1-DFT



matric graph for D,(k), thenm = n + 1, and so A(1, n,
k) = k". |

Lemma 9. Let p be a prime and let M be an m X n
matrix over GF(p). If G,(M) is a t-DFT matric graph
for D,(p), then Gy (M) is a t-DFT matric graph for
D.(p"), where | is a positive integer.

Proof. If G,(M) is a t-DFT matric graph for D,(p),
then, for any SC R(M) with | S| = t, there exists some
S’ C R(M) — Swith |S'| = m— n — | S| such that
G,(M\S\S") is isomorphic to D,(p). Then, M\S\S'
has property 4, by Theorem 2, and so property 9, by
Corollary 2. Thus, G,/(M\S\S') isisomorphic to D,(p')
by Theorem 2. Hence, G,'(M) is a t-DFT matric graph
for D.(p"). |

Theorem 10. Let p be a prime and let | be a positive
integer where p' = 3. Then,

A(t1 n, pl) = (t - 1)pln
n
X {2 Iogp<m + cp> + cp} + p",

wheret = 2and ¢, = 1 + log,e.

Proof. The proof is by Lemma 9 and Theorem 6. W

Theorem 111 [10]. Let n be an integer where n = 2,
and let p = n — 1 be a prime. Then, there exists an m
X n matrix M over GF(p) such that G,(M) is a t-DFT
matric graph for D,(p) and m = n + t wheret = p
+1-n

Theorem 11. Let p be a prime and let | be a positive
integer where p' = 3. Then,

A(t, n, p') = tp",

wheret=p+1—n.

Proof. By Lemma9 and Theorem I, A(t, n, p') = tp".
If Misam X n matrix over [p'] such that G,/(M) is
a t-DFT matric graph for D,(p'), then m = n + t, and
0 A(t,n, p') = tp". [ |

4. t-EFT GRAPHS FOR D, (k)

Since a t-DFT matric graph for D, (k) is also a t-EFT
graph for D,(k), we have A(t, Dn,(k)) = A(t, n, k).
Thus, we obtain Theorems 12, 13, and 14 from Theorems
9, 10, and 11, respectively.
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Theorem 12. A(1, D,(k)) = k" for any integer k = 3.
|

Theorem 13. Let p be a prime and let | be a positive
integer where p' = 3. Then,

A(t, Da(ph) = (t = 1)p"
n In
X 4 2 log, +C) +Cp+ P,
t—-1
wheret = 2and ¢, = 1 + log,e. |

Theorem 14. Let p be a prime and let | be a positive
integer where p' = 3. Then,

A(t, Dy(p")) = tp",
wheret=p+ 1 —n. ]
On the other hand, we have the following lower bound:

A(t, Dy(K)) = 2k, (4)

since the degree of each vertex of at-EFT graph for D, (k)
is at least 2n + t. It is an interesting open problem to
close the gap between bounds in theorems above and (4).

The authors are grateful to Professor Y. Kagjitani for his
encouragement. The research is a part of the CAD21 Project
a TIT.
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