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ABSTRACT

The pyramid networks are well-known as suitable struc-
tures for parallel computations such as image process-
ing. This paper shows a practical 3D VLSI layout
of the N-vertex pyramid network with volume O(N)
and wire-length O(v/N). Since the known best lower
bounds for the volume and wire-length of a 3D lay-
out for an N-vertex pyramid network are Q(N) and
Q(V/N/log N), respectively, the volume of our layout
is optimal, and the wire-length of our layout is close to
the optimal.

1. INTRODUCTION

There has been a great interest in embedding graphs
into 3D(three-dimensional) grids motivated by 3D VLSI
circuits and 3D drawings. This paper is concerned with
3D layouts of pyramid networks which are well-known
as suitable structures for parallel computations such as
image processing and image understanding [5, 7].

The notion of 3D layout of a VLSI circuit follows
the classic 2D framework. The circuit is represented
by a graph and the media in which the circuit is to be
realized is a 3D rectangular grid. A circuit layout is
a vertex-disjoint embedding of the circuit-graph in the
grid. The cost of a layout is measured by the volume
and wire-length of the layout. It follows from general
lower bounds derived by Rosenberg[8] that the volume
and wire-length of a 3D layout for an N-vertex pyramid
network are Q(N) and Q(V/N/log N), respectively. On
the other hand, it is implicit in [6] by Ng, Pun, Ip,
Hamdi, and Ahmad that an N-vertex pyramid network
can be laid out in O(N) volume with wire-length at
most O(VN).

This paper shows direct and simple layouts of pyra-
mid networks. The volume of our layout is optimal,
and the wire-length is close to the optimal. More pre-
cisely, the volume and wire-length of our layout for an
N-vertex pyramid network are O(N) and O(V/N), re-
spectively.

Since an N-vertex multigrid network is a spanning
subgraph of an N-vertex pyramid network, it follows
that an N-vertex multigrid network can be laid out in
O(N) volume with wire-length at most O(+/N), which
is an improvement on a previous result by Calamoneri
and Massini [1].

2. PRELIMINARIES

2.1. Grids

Let G be a graph, and let V(G) and E(G) denote
the vertex set and edge set of G, respectively. We de-
note by dg(v) the degree of a vertex v € V(G) and
define A(G) = max{dg(v) : v e V(G)}.

Let [m] ={0,1,...,m — 1} for any positive integer
m. The d-dimensional mq X mg X - - - X mg grid, denoted

by R(mq,ma,...,mg), is the graph defined as follows:

V(R(ml,mg,...,md)) = [ml] X [mg] X oo X [md];
d

E(R(m1, mao, ... ,md)) =

{(u7v) : Z |vi - ull = 1}7

where u = [uy, ug, ..., uq) and v = [v1,va,...,v4]. (u,v)
is called an i-dimensional edge if |v; — u;| = 1 for some
i and u; = v; for every j # 1.

A path P on a d-dimensional grid R is called a
segment if P consists of i-dimensional edges for some
positive integer i. A segment connecting u and v is
called (u,v)-segment. Notice that any path on R can
be represented as the concatenation of segments. If a
path P connecting vy and vy, on R is represented as the
concatenation of (vg, v1)-segment, (v1, v2)-segment,. . .,
and (vg—1, vg)-segment, then we represent P as (vo, v1,
Ve ey Uk—1, Vk)-

Let R be a d-dimensional grid. For any S C V(R)
and v € V(R), we define that

S+uv={s+v: se S}



For any path P = (v, v1,...,v;) on R and v € V(R),

P+v=(vg+v,01+0,...,0,+v).

2.2. Pyramid Networks

For any natural number n, the pyramid of height
n, denoted by P(n), is the graph defined as follows:
V(P() = {{z3,7] + 2y € 2], 2 € [+ 1]}; Any
two vertices [z, vy, 2] and [z, 3/, 2] are connected by an
edge if

o lx—2'[+|y—y|=1and z =2 or
o ' = |x/2],y = |y/2], and 2’ = z + 1.

([, y, 2], [2',y, 2]) is called a 1-dimensional edge if |2 —
2| =1,y =1, and z = 2/, a 2-dimensional edge if z =
', ly—1y'| =1, and z = 2/, and a slope-edge otherwise.
It is easy to see that P(n) consists of N = (4"T1—-1)/3
vertices, and A(P(n)) =7if n =2 and A(P(n)) =9 if
n > 3.

For any natural numbers n and k& < n, Fi(n) is
defined as the subgraph of P(n) induced by {[z,y, 2] €
V(P(n)): z <k}.

For any positive integer m and natural number [,
let [m]; = {Im,im +1,...,(l + 1)m — 1}. For any
natural numbers ,j,n, let V; j(n) = {[z,y,2] : z €
2" %];, y € 2" 7], z € [n+ 1]}, and define P; ;(n)
as the following graph: V(P; ;(n)) = Vi ;j(n); Any two
vertices [z, y, z] and [z, 3/, /] are connected by an edge
if

o |lz—2|+|ly—y|=1and 2 =2, or

o ' = |x/2],y = |y/2], and 2’ = 2z + 1.

For any two graphs G and H, let G U H denote the
disjoint union of G and H. For any natural numbers
nand k <n, Gi(n) = U, jepn-r Pij(k). It is easy to
see the following.

Theorem 1 Fi(n) is the graph obtained from Gy (n)
by connecting [(i+1)28=%—1,y, 2] and [(i+1)28=%, y, 2]
by an edge for each i € 2"k — 1], y € [2" %], and
z € [k + 1], and connecting [z, (j + 1)28=% — 1,2] and
[z,(j + 1)287% 2] by an edge for each j € [2"7F — 1],
x € 2" %], and z € [k + 1].

For any natural numbers k and n, let Ug(n) =
{lx,y,z + k] : x,y € [2"?], z € [n+ 1]}, and de-
fine P*(n) as the following graph: V(P*(n)) = Ux(n);
Any two vertices [z,y, z] and [2/,y’, 2] are connected
by an edge if

o lz—2|+|ly—y|=1and 2 =2 or

o ' =|x/2],y = |y/2], and 2’ = z + 1.

2.3. Multigrid Networks

For any natural number n, the multigrid of height
n, denoted by M(n), is the graph defined as follows:
V(M(n)) ={[x,y,2]: z,y €2 7], z € [n+1]}; Any
two vertices [z,y, z] and [z/,y’, 2] are connected by an
edge if

o lz—a|+|ly—9y|=1and z =2, or
e &' =x/2,y =y/2,and 2 =z + 1.

It is easy to see that M (n) is a spanning subgraph of
P(n) for any n.

2.4. Layouts

An embedding (¢, p) of a graph G into a graph H
is defined by a one-to-one mapping ¢ : V(G) — V(H),
together with a mapping p that maps each edge (u,v) €
E(G) onto a path p(u,v) in H that connects ¢(u) and
¢(v). The dilation of an embedding (¢, p) is the maxi-
mum length of p(e) over all the edges e € E(G).

A layout of a graph G into a 3-dimensional grid R
is an embedding (¢, p) of G into R such that p(e;) and
p(ez) are internally disjoint for any distinct eq,es €
E(G). (¢,p) is called a 3-D layout of G if (¢,p) is
a layout of G into a 3-dimensional grid R, and the
dilation of (¢, p) is called the wire-length of (¢, p). The
volume of a 3-D layout (¢, p) is the number of vertices
in R.

For any integer m > 2, there exists no 3-D layout
of P(n) because A(P(n)) > 7 and A(R) < 6 for any
3-dimensional grid R. Thus, we extend the notion of a
3-D layout as follows: ¢ maps v € V(G) onto a set of
two adjacent vertices in R such that ¢(u)N¢(v) = 0 for
any distinct vertices v,v" € V(G); For any e = (u,v) €
E(G), p(e) is a path in R connecting a vertex in ¢(u)
and one in ¢(v) such that p(e) and p(e’) are internally
disjoint for any distinct edges e, e’ € E(G).

3. MAIN RESULTS

The purpose of the paper is to prove the following
theorem.

Theorem A P(n) can be laid out in O(N) wvolume
with wire-length at most O(V/N), where N = |V (P(n))|.

The following is immediate.

Corollary A M(n) can be laid out in O(N) volume
with wire-length at most O(V/N), where N = |V (M (n))].

4. PROOF OF THEOREM A



4.1. 3-Layer Layouts

For any natural numbers i, j, and n, we define a
mapping ¥; j» from V(P; ;(n)) to V(P(n)) as follows:
For any [z,y,z2] € V(P; ;(n)),

wi’j,n([‘xv Y, Z]) =

It is easy to see the following.

[!L‘ - 7;2n_27y - j2n—z7 Z]

Lemma 1 For any natural numbers i, j, and n, ; j
is an isomorphism from P; ;(n) to P(n).

For any natural number n, we define an embedding
(¢, pn) of P(n) into R(2"+2—3,2"+2 3 3) as follows.

If n = 0 then we define that ¢4([0,0,0]) = {[0,0, 0],
[0,0,1]} and po : 0 — E(R(1,1,3));

Let n be a positive integer. For any v € V(P(n)),
we define ¢, (v) as follows: If v € V(P ;(n — 1)) for
some %, j € [2] then

d)n('l}) = ¢n*1(¢i,j,n71(v)) + [i2n+17j2n+1a 0]3
and otherwise, that is if v = [0, 0, n],
bu) = {27 — 2,21 21 ke [2]).

We define p, () for any e € E(P(n)). Ife = (u,v) €
E(P; ;(n—1)) for some 4, j € [2] then

pn(e) = pn_1((¥ijn-1(w),¥ijn-1(v)))
+ [i2n Tt 2t o).

Otherwise:

If e is a 1-dimensional edge then e = ([2"7*7! —
1,y,2],[2"*7 1 y,2]) for some y € [2"7*] and z € [n],
and py,(e) is defined as ([2"F1 —22F1 -2 (2y+1)2* ! —
2,0], [27F + 221 — 2 (2y + 1)25F — 2,0])-segment;

If e is a 2-dimensional edge then e = ([x,2" %71 —
1, 2], [x,277*71, 2]) for some x € [2"7%] and z € [n] and
pn(e) is defined as ([(2x + 1)2*F! — 2 2+l — 9=+1
2,1], [(2x + 1)25+1 — 2,27+ 4 2241 _ 2 1])-segment;

If e = ([0,0,n — 1],[0,0,n]) then p,(e) is defined
as a path ([2" —2,2" — 2,1],[2" — 2,2" — 2,2],[2" —

2,27+l _ 3 9] [2n+1 — 3 on+l _ 3 9] [on+l _ 3 ontl
3,1], [27+1 — 3,271 — 2, 1], [2+] — 2,27+1 — 2, 1));

If e = ([0,1,n — 1],[0,0, n]) then p,(e) is defined as
apath (27 —2,3-27—2,1],[2" —2,3-27 —2,2], [27+! —
3,3-2m —2, 2], [27F! — 3,27 — 1 2], [2nFt — 3, 2nHL —
1,0], [27+1 — 2,27+1 — 1 ], [27*1 — 2, 27F1 — 2, 0));

If e = ([1,0,n — 1],[0,0, n]) then p,(e) is defined as
apath ([3-27 —2,27 —2,1],[3-27 — 2,27 —2,2], [27+1 —
1,27 — 2,2], [2n+ — 1,27+1 — 3 2], [2n 1 — 1,27+ —
3,0],[2n+ — 2,27+ — 3 0], [2nF — 2,27 FL — 2, 0]);

Ife=([1,1,n— 1],[ ,0,n]) then pn( ) is defined as a
path ([3-27—2,3.27 2, 1], [3-2" —2,3-27—2, 2], [3-2" —

2,2ntt — 1 2] [27F — 1,27 — 1 2] [2nHL —
1,1, 27t — 1,27+t — 2 1] [27+L — 2, 27+ — 2 1)).

Notice that (¢, pn) is an embedding of P; j(n —1),
which is isomorphic to P(n — 1) by Lemma 1, into the
subgrid of R(2"+2 — 3,272 — 3 3) induced by

[8]} + [a2" 1, 52", 0]

1 2n+1 _

{[xvyaz] STy € [2n+1 - 3}72 €
by using (¢,,_1, pn—1) for each i, j € [2].
Lemma 2 For any [z,y, 2] € V(P(n)),

On(lz,y, 2])

= {[@r+1)27 —2, 2y + 1)2*T —2 k] : k€ [2]}.

Proof : The lemma is proved by induction on n.
The lemma holds for n = 0 since ¢(([0, 0,0]) = {[0, 0, 0],
[0,0,1]}.

Let n be a positive integer. Assume for inductive
step that for any [2/,y/, 2] € V(P(n — 1)),

¢n—1([x/7y/7zl])

= {22/ +1)27 ! —2, (2 +1)2° ! —2,k] 1 k € [2)}.
Notice that for any integers z,v, z, 1, j,
{2(x — 2" =7 1) 1327 — 2 4 42nf!
= (2z+1)2°"' —2 and
{2(y _ j2n—z—1) + 1}2Z+1 -9 +]2n+1

= (2y+1)2°*t - 2.

If [z,y,2] € V(P ;(n
Vijn—1([2, Y, 2]) =
and therefore, we obtain by the induction hypothesis

bnl[2,y,2])
Gn—1(Vijn-1([z,y, 2])) +
= {[2z +1)2"" =2, (2y + 1)2°*! -

— 1)) for some 4, j € [2] then

[LC - Z'21’L_z_17 Yy — j2n_z_1a Z]a

[i2z+1,j2z+l, 0]
2.k k € 2]},
Since

¢n([07 0,77,]) = {[2n+1 -

we conclude that

Pnllz,y,2])
= {[(2z+1)2°*" -

2,2" T 2 k] k € [2]},

2,2y +1)2°T — 2 k] - k € [2]}
for any [z,y, z] € V(P(n)). i
It is easy to see the following.

Lemma 3 For any four natural numbers x,z,x’, and
2, 2z +1)25T = (22' 4+ 1)2% L if and only if [x,2] =
[/, 2].



Theorem 2 (¢, py) is a layout of P(n) into R(2"T2—
3,2"%2 — 3 3) with wire-length at most 2"+ + 3.

Proof : The theorem is proved by induction on n.
Trivially, (¢o, po) is a layout of P(0) into R(1,1,3) with
wire-length 0 < 2! +3 = 5.

Assume that (¢,—1, pn—1) is a layout of P(n—1) into
R(271 3,271 _3, 3) with wire-length at most 2" +3.
By Lemmas 2 and 3, ¢,,(v)N¢,(v") = 0 for any distinct
v,v" € V(P(n)). By the definition of (¢, pn), it is easy
to see that p,(e) is a path connecting a vertex in ¢, (u)
and that in ¢, (v) for any e = (u,v) € E(P(n)). Let

Ey = E(Gna(n)= |J EPi;(n-1)
i,5€[2]
Er = {27 = 1y,2, 2y 2])
y € 2",z € n]}
By = {([z,2" %' —1,2],[x,2" "1 2]) :
x € [2"7 %],z € [n]}
Es = A{([z,y,n—1],[0,0,n]) : =,y € [2]}.

It is easy to see that (Ey, E1, a2, E3) is a partition of
E(P(n)). Since {¢n—1, pn—1) is a layout of P(n—1) into
R(2™+! — 3, 27t — 3.3) by the induction hypothesis,
pn(e) and p,(e’) are internally disjoint for any distinct
e, e’ € Ey. It is not difficult to prove that for any e € Ey
and ¢ € E(P(n))— Ey, pn(e) and p,(€’) are internally
disjoint. For any distinct e, e’ € E; (i =1 or 2), p,(e)
and p,(e') are internally disjoint by Lemma 3. For
any distinct e, e’ € E3, p,(e) and p,(e’) are internally
disjoint by definition. It is easy to see that for any
e € E;and ¢ € E; with ¢ # j (4,5 € {1,2,3}), pn(e)
and py,(€') are internally disjoint. Thus, we conclude
that p,(e) and p,(e’) are internally disjoint for any
distinct edges e, e’ € E(P(n)). Hence, {(¢n,pn) is a
layout of P(n) into R(2"+2—3,2"+2-3,3). It is easy to
see that the wire-length of (¢, p,,) is at most 2"+1 4 3.

4.2. 3-D Layouts

We denote by Qx(n) the graph obtained from Fy(n)U
P*+1(n — k) by connecting [z, y, k] and [z,y, k + 1] by
an edge for each x,y € [2"7F].

Lemma 4 For any natural numbers n and k < n,
there exists an embedding (¢, p') of P(n) into Qk(n)
with dilation 2 such that p'(e) and p'(e’) are internally
disjoint for any distinct edges e, e’ € E(P(n)).

Proof : For any v = [z,y,2] € V(P(n)), we define
that : }
iy lzy, 2 it 2 <k,
o(v) = { [z,y,2+ 1] otherwise.

For any e = ([z,vy, 2], [2', v/, 2]) € E(P(n)), we define
p'(e) as an edge ([z,y, 2], [2/,y/, 2']) if z,2" < k, an edge
([, y, 2z + 1), [, ¢, 2" + 1]) if 2,2 > k+ 1, and the
path consisting of two edges ([z,y, k], [z, y, k + 1]) and
([:c,y, k + 1]7 [xl7yl7 k + 2]) if 2’ = |—{L‘/2-|7 y = |—y/2~|u
z =k, and 2z’ = k+ 1. Tt is easy to see that (¢, p’) is
a desired embedding.

In this subsection, we show a layout (v, o) of
Qm(n) into R(27+2 42041 3 2m+2 1 4 3.22!) where
m = [2n/3] and | = n —m. (pn, on) naturally induces
alayout of P(n) into R(2m+242!+1 -3 2m+214 3.2%)
together with (¢', p’) in Lemma 4.

4.2.1. 3-D Layouts of F,,(n)

For any natural numbers i and n, we define a map-
ping o; ,, from [2"]; to [2"] as follows: For any x € [2"];,

@)= x — 32" if ¢ is even,
Oin(T) = (i1+1)2" —1—=x otherwise.

Notice that o; ,, is a bijection, and

RPN L
Ui’"(m)_{(i-i-l)Q"—l—x’

if 4 is even,
otherwise.

Lemma 5 Let n be a natural number. If ‘71'_,11 (') =

O'ji,i(yl) for some natural numbers i, j, and x',y" € [2"]

then [i,2'] = [4,v'].

Proof : The lemma follows from the fact that ¢ =
Lo (a)/2"].
We define a mapping #; ;. from V(P; ;(n)) to V(P(n))
as follows:

Mi,j7n([xa Y, Z]) = [Uimfz(x)a O-j;nfz(y)v Z]
It is easy to see the following.
Lemma 6 p; ;. is an isomorphism from P; ;(n) to

P(n).

We define an embedding (¢!, 0),) of F,,(n) into
R(2m+2 4 2041 — 3 2m+2 _ 1 3. 2%) as follows.
If v € V(P ;(m)) for some 4,5 € [2'] then

o0 (V) = bm (i gan (v)) + (2,1, 307 ()]-
If e = (u,v) € E(P; ;(m)) for some i,j € [2!] then

pm (i, j.m (W), pi jm(v)))
+ (21,30, ()]

onle) =

For any e € E(F,,(n)) — E(Gm(n)), we define ¢/, (e)
as follows.



(Case 1) e is a 1-dimensional edge: e = ([(¢ +
1)2m=%—1,52m %43, 2], [(i+1)2™ %, j2"™ * 43, z]) for
some i € 2 —1],j € [21], 2 € [m+ 1], and 8 € [2™~7].
There are four subcases.

(Case 1.1) i and j are even: ¢, (e) is defined as a
path ([27F2 42! —25+1 2 (23 + 1)25+1 — 1,3(i2" +
P, [2m 242 —4—j, (28+1)22T1 -1, 3(i2!4-5)], [2m T2+
21l —4—j (264+1)25H1 —1,3((i+1)2! —j —1)], [2m 2 +
2L + 25+t — 2 (28 +1)25H1 — 1,3((i + 1)2! — 5 — 1)]).

(Case 1.2) i is even and j is odd: ¢} (e) is defined
as a path ([2m+2 42! — 2241 2 9m+2 _ (234 1)2°F! —
1,3(i2' +5)], [2m T2 421 —4— 5 2m+2 — (254+1)2°F! —
1,3(i2! +5)], [2m 2+ 21 —4 — 5 2m+2 — (234+1)2°F! —
1,3((2 + 1)21 _j _ 1)]7 [2m+2 + 2[ _ 2z+1 _ 2’2m+2 _
(28+1)271 = 1,3((i + 1)2 — j — 1))).

(Case 1.3) i is odd and j is even: g/, (e) is defined
as a path ([204+2°T1 -2, (284 1)2*F! —1,3((i +1)2! —
J— L2 — = 1, (26 + 1)25+ — 1,3((i + 1)2! — j —
D], 2 =5 —1,(28+1)25F —1,3((i + 1)2! + 5)], [28 +
22T — 2 (28 +1)25+L — 1, 3((i + 1)2' + j)))-

(Case 1.4) i and j are odd: g (e) is defined as a
path ([2!+2°F1 -2 2m+2_(28+1)2*F1 —1 3((i+1)2! -
j=D 2t —j—1,2mF2 — (284 1)2*F —1,3((i+1)2' -
j—D] 2 =5 —1,2m*2 —(284+1)2*71 —1,3((i + 1)2! +
D), (242522, 2m 2 (2341)27H L1, 3((i-+1)214+5)]).

(Case 2) e is a 2-dimensional edge: e = ([12m ™% +
a,(j+1)2m % = 1,2, 12" % 4+ «, (j + 1)2™*,2]) for
some i € [2!], j € [2' = 1], z € [m + 1], and a € [2™~7].
There are five subcases.

(Case 2.1) i and j are even, and z # m: ¢),(e) is
defined as a path ([2! + (2 +1)2+! —2 2m+2 _ 9=+l _
1,3(i2' +5) + 1], [2' + (2a+1)25+L — 2, 2m+2 2 3(i2! +
P +1), 20+ (2a+1)25+ —2,2m+2 2 3(i2l 4+ 5+ 1) +
1], 28 + (2a + 1)27+L — 2, 2m+2 2241 1 3(52! + j +
1) +1]).

(Case 2.2) i is even and j is odd, and z # m:
0, (e) is defined as a path ([2!+ (2a+1)27+1 —2,22F1 —
1,3(i2" 4+ j) + 1], [2! + (2 + 1)2*F1 — 2,0, 3(i2! + 5) +
1], 2+ (2a+1)22+1 —2,0,3(i2' + 5+ 1) + 1], [2! + (2 +
027+t —2 22+t — 1 332t + 5 + 1) + 1]).

(Case 2.3) iis odd and j is even, and z # m: ¢/, (e)
is defined as a path ([2"7242! —(2a+1)22F1 -2, 2m+2
2211, 3((i+1)2! —j—1)+1], [2™F2 42! - (2a+1)2° 1 —
2,2mF2 2 3((i+1)2' —j — 1) + 1], [2m*2 + 2! — (2a +
1)22Ftt -2, 2m+2 2 3((i+1)2! —j—2)+1],[2m 2+ 2! -
(2a+1)22Ft—2 2m+2_22H+1 1 3((i4+1)2'—j—2)+1)).

(Case 2.4) i and j are odd, and z # m: ¢} (e) is
defined as a path (22 +2! — (2a+1)2°+1 —2,2°F1 —
L3((i+1)2l—j—1)+1],[2m2 + 2 — (20 +1)25F! —
2,0,3((i+1)2 —j — 1) +1],[2m 2 + 2! — (2a+1)2°F! —
2,0,3((1+1)2! —j —2) +1],[2m 2+ 2! — (2a+1)2°F! —
2,251 —1.3((i + 1)2! — 5 — 2) + 1]).

(Case 2.5) z = m, that is u = [i,j,m] and v =

[i,7-+1,m]: If i is even then ¢/, (e) is defined as ([2™+1 +
2l —2 om+l 1 3(i2! +j) + 1], [2mF! + 2L — 2 2m+L
1,3(i2' + j + 1)])-segment. If i is odd then g/, (e) is
defined as ([27+! + 20 —2,2m+L — 1 3((i +1)2! — j —
D], [2mH 28 — 2,27+ — 1 3((i 4 1)28 — 5 — 2) + 1])-
segment.

It should be noted that (¢!, ¢},) is an embedding of
P, j(m) into the subgrid of R(27m+2 4 2i+1 — 3 2m+2
1,3-22!) induced by {[:U+2l,y+1,z+30;ll(j)] DX,y €
[2m+2 — 3],z € [3]} by using i jm and (¢, pm) for
each 4,5 € [2!].

Theorem 3 (¢, 0.) is a layout of F,,(n) into R(2™ 2+
2413 2m+2_1 3.221) with wire-length at most 2™ T2+
2143 — 7 where m = [2n/3] and | = n — m.

Proof: By Theorem 2 and Lemmas 5 and 6, ¢, (v)N
©h (v") = 0 for any distinct v,v" € V(F,,(n)). It is easy
to see that p,(e) is a path connecting a vertex in ¢/, (u)
and one in ¢/, (v) for any e = (u,v) € E(F,,(n)). It is
not difficult to prove that o/, (e) and g/,(e’) are inter-
nally disjoint for any distinct edges e, e’ € E(F,,(n)),
and the wire-length of (¢!, o/,) is at most 2m+2 42143 —

7. |

4.2.2. 3-D Layouts of Qm(n)

For any natural numbers k and n, we define a map-
ping 74, from V(P*¥(n)) to V(P(n)) as follows: For
any [z,y,2] € V(P*(n)),

Tk,n([x’ Yy, z]) = [v,y,2 — k]
It is easy to see the following.

Lemma 7 For any natural numbers k and n, Ty, s
an isomorphism of P*(n) into P(n).

We define an embedding (@, 0,) of Qm(n) into R =
R(2m+2 4 241 3 9m+2 4 4 3. 22 as follows. (See
Figure 1.)

(Case 1) Subgraph F,,(n): Embeds F,,(n) into
the subgrid of R induced by {[z,y,2] € V(R) : y €
2742 — 1]} by using (¢},, e],);

(Case 2) Subgraph P™*1(1): Embeds P™ (1) into
the subgrid of R induced by {[z,y,2] € V(R) : y >
2m+2 4 1} as follows: Layout P™*1(]) into R(2!*2 —
3,2!%2-3,3) by using 7,1 1.7 and (¢, p;); Layout R(2+2—
3,242 —3,3) into R(2!*2 — 3,3,2*2 — 3) by mapping
[z,y, 2] into [y, z, z]; Layout R(2:+2—3,3,2!72 —3) into
R(2142-3,3,3-2(2! — 1) + 1) by mapping [, y, z] into
[z,y,3-2!722]; Layout R(2"+? —3,3,3-2/(2' — 1)+ 1)
into R by mapping [z, ¥, 2] to [z,y+2"+2+1, z]. Then,

on([i, 4, m +1])

= {[45,2" 2+ 14k, (30)2]: ke 2]}
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Figure 1: Layout of the Pyramid P(n)

for each 4, j € [2!].

(Case 3) Edge e = ([¢, 4, m], [i,j,m + 1]) for each
i,7 € [2']: we define g, (e) as ([2mT! + 2! —2,2m+1
1,307 (j)+1], [27+ 420=2,272 1,307 (7) +1], [47,
2m+2 1,30, (j)+1], [45,2™2, 30, (7) +1], [44, 22,
(30)2'], [47, 2% + 1, (31)2']).

Theorem 4 (g, 0,) is a layout of Q,,(n) into R(2™+2+
2H1 3 2m+24.4 3.221) with wire-length at most 224
o3 _ 7.

Proof : First, we prove that ¢, (v) N, (v') =0 for
any distinct vertices v,v" € V(Q.,(n)). By Theorem 3,
on(v) N pn(v') = O for any distinct vertices v,v' €
V(Fmn(n)). By Theorem 2 and Lemma 7, @,(v) N
on(v") = 0 for any distinct vertices v, v’ € V/(P™F1(1)).
Since

max{y : [x,y, 2] € pp(v),v € V(Fi(n))}

< 2m*2 _3and
min{y : [z,y, 2] € v,(v),v € V(P™T(1))}

> 2m+27

en() Np,(v') = 0 for any v € V(F,,(n)) and v/ €
V(P™TY(1)). Hence, ¢, (v)Np,(v') = 0 for any distinct
vertices v,v" € V(Qm(n)).

Next, we prove that g,(e) and g, (e’) are internally
disjoint for any distinct edges e, e’ € E(Qn(n)). By
Theorem 3, g,,(e) and g, (e’) are internally disjoint for
any distinct edges e, e’ € FE(F,,(n)). By Theorem 2,
on(e) and g, (¢’) are internally disjoint for any dis-
tinct edges e, e’ € E(P™F1(1)). It is easy to see that
on(e) and o,(€') are internally disjoint for any e €
E(Pm™Y()) and €’ € E(Qun(n))—E(P™*(1)). It is not
difficult to see that g,(e) and g, (e’) are internally dis-
joint for any e € E(F,,(n)) and ¢’ = ([i, 7, m], [i, 7, m +
1)) (4,4 € [2™]). Hence, o, (e) and g, (e’) are internally
disjoint for any distinct edges e, e’ € E(Qm(n)).

It is easy to see that the wire-length of (¢, o) is
at most 212 4+ 2143 _ 7 by Theorem 3.

Theorem 4 and Lemma 4 complete the proof of The-
orem A.
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