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LETTER

A Note on the Implementation of de Bruijn Networks by the Optical
Transpose Interconnection System

Kohsuke OGATA†, Nonmember, Toshinori YAMADA††, and Shuichi UENO†a), Members

SUMMARY This note shows an efficient implementation of de Bruijn
networks by the Optical Transpose Interconnection System (OTIS) extend-
ing previous results by Coudert, Ferreira, and Perennes [2].
key words: interconnection networks, optical networks, optical transpose
interconnection system (OTIS), de Bruijn networks

1. Introduction

The OTIS architecture was proposed by Marsden, Manc-
hand, Harvey, and Esener [1] to implement networks by
free space optical interconnections. This architecture con-
sists of the input and output arrays, and a pair of lenslet
arrays between I/O arrays. The input array consists of p
groups of q transmitters, and the output array consists of q
groups of p receivers. The lenslet arrays consists of p + q
lenses. This architecture connects transmitter (i, j) to re-
ceiver (q − j − 1, p − i − 1), 0 ≤ i ≤ p − 1,0 ≤ j ≤ q − 1.

The OTIS architecture is represented by a bipartite di-
graph OT IS (p, q) defined as follows. Let V(G) and A(G)
denote the vertex set and arc set of a digraph G, respec-
tively. An arc from a vertex u to v is denoted by [u, v]. We
define that Zn = {0, 1, . . . , n − 1} for any positive integer n.
OT IS (p, q) is a bipartite digraph defined as:

V(OT IS (p, q))

= {(i, j)t |i ∈ Zp, j ∈ Zq} ∪ {(k, l)r |k ∈ Zq, l ∈ Zp};
A(OT IS (p, q))

= {[(i, j)t, (k, l)r]|i + l = p − 1, j + k = q − 1}.
Let H(p, q, d) be a d-regular digraph obtained from
OT IS (p, q) as follows:

V(H(p, q, d)) = Z�pq/d�;
A(H(p, q, d))

=





[u, v]

∣
∣
∣
∣
∣
∣
∣

[(i, j)t, (k, l)r] ∈ A(OT IS (p, q)),
u = �(iq + j)/d�, v = �(kp + l)/d�




.

An OTIS architecture with 2 + 8 lenses shown in Fig. 1 is
represented by OT IS (2, 8) shown in Fig. 2. H(2, 8, 2) shown
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Fig. 1 OTIS architecture with 2 + 8 lenses.

Fig. 2 OT IS (2, 8).

Fig. 3 H(2, 8, 2).

in Fig. 3 is a 2-regular digraph obtained from OT IS (2, 8).
OT IS (p, q) is called an OTIS layout for a d-regular digraph
G if H(p, q, d) is isomorphic to G. Our problem is to find
an OTIS layout for a given digraph such that the number of
lenses p + q is as small as possible.

The de Bruijn network has been extensively studied in
connection with parallel and distributed computing. For any
integer d ≥ 2, the d-ary de Bruijn network of dimension D,
denoted by B(d,D), is a d-regular digraph defined as fol-
lows:
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Fig. 4 B(2, 3).

V(B(d,D)) = ZD
d ;

A(B(d,D))

=





[u, v]

∣
∣
∣
∣
∣
∣
∣

u, v ∈ V(B(d,D))
ui = vi+1 f or ∀i ∈ ZD−1




,

where a vertex x ∈ V(B(d,D)) is denoted by
(x0, x1, . . . , xD−1). B(2, 3) is shown in Fig. 4. Since B(2, 3) is
isomorphic to H(2, 8, 2), OT IS (2, 8) is an OTIS layout for
B(2, 3).

Coudert, Ferreira, and Perennes [2] show that if D is
even, B(d,D) has an efficient OTIS layout with O(d

√
N)

lenses, where N = dD = |V(B(d,D))|. It should be noted
that the number of lenses of an OTIS layout for an N-vertex
d-regular digraph is Ω(

√
dN) if any, as can be easily seen

[2].
We show a natural extension to the result above by

proving that for any positive integer D, B(d,D) has an ef-
ficient OTIS layout. The number of lenses of the OTIS lay-
out is O(d

5
2

√
N) if D ≡ 1 (mod 4), O(d

3
2

√
N) if D ≡ 3

(mod 4), and O(d
√

N) if D is even.

2. Main Results

Theorem 1: For any positive integers p′ and q′, H(dp′ , dq′ ,
d) is isomorphic to B(d, p′ + q′ − 1) if and only if p′ and q′
are relatively prime.

Proof: We denote H(dp′ , dq′ , d) by H, and p′ + q′ − 1 by
D. It is easy to see that H(dp′ , dq′ , d) is not isomorphic to
B(d, p′ + q′ − 1) if p′q′ = 0. So we assume that p′q′ � 0. A
permutation on Zn is a bijective mapping on Zn. We define a
permutation fD on ZD as follows:

fD(i) =





i + p′ if i < q′ − 1,
p′ − 1 if i = q′ − 1,
(i + p′ − 1) mod D otherwise.

where, i ∈ ZD. For a permutation f on Zn, the repeated com-
position of f with itself is defined inductively as follows: 1)
f 0 is the identity permutation; 2) f i+1 = f ◦ f i. f is said to
be cyclic if f j(i) � i for any i ∈ Zn and j ∈ {1, 2, . . . , n − 1}.
The following lemma is proved in [2].

Lemma 1 ([2]): For any positive integers p′ and q′,
H(dp′ , dq′ , d) is isomorphic to B(d,D) if and only if fD is

cyclic. �

Lemma 2: fD is cyclic if and only if p′ and q′ are relatively
prime.

Proof of Lemma 2: We define a permutation gD+1 on ZD+1

as follows:

gD+1(i) = (i + p′) mod (D + 1).

It is easy to see that

gD+1(i) =





D if i = q′ − 1,
fD(q′ − 1) if i = D,
fD(i) otherwise.

It follows that fD is cyclic if and only if gD+1 is cyclic. By
the definition of gD+1, gD+1 is cyclic if and only if p′ and
D+1 = p′+q′ are relatively prime. Thus, fD is cyclic if and
only if p′ and q′ are relatively prime. �

From Lemmas 1 and 2, we obtain the theorem. �

Theorem 2: For any positive integers D and d ≥ 2, B(d,D)
has an OTIS layout. The number of lenses of the OTIS lay-
out is O(d

5
2

√
N) if D ≡ 1 (mod 4), O(d

3
2

√
N) if D ≡ 3

(mod 4), and O(d
√

N) if D is even, where N = dD =

|V(B(d,D))|.
Proof: The theorem follows from Theorem 1 if we choose
p′ and q′ as follows:

(p′, q′) =





(m,m + 1) if D=2m,
(2m′ − 1, 2m′ + 1) if D=4m’-1,
(2m′ − 1, 2m′ + 3) if D=4m’+1,
(1, 1) if D=1.

where, m and m′ are positive integers. �

3. Concluding Remarks

• The number of lenses of our OTIS layout is optimal if d
is fixed. Closing the gap between the upper and lower
bounds on the number of lenses is an open problem.
• It should be noted that not all the digraphs have the

OTIS layout. It is an interesting open problem to char-
acterize the digraphs that have OTIS layouts.
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