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We consider a problem of cost-constrained minimum-delay multicasting in a network, which
is to find a Steiner tree spanning the source and destination nodes such that the maximum
total delay along a path from the source node to a destination node is minimized, while
the sum of link costs in the tree is bounded by a constant. The problem is NP-hard even
if the network is series-parallel. We present a fully polynomial time approximation scheme
for the problem if the network is series-parallel.
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1. Introduction

The multicasting is the simultaneous transmission of data from a source node to
multiple destination nodes in a network. The multicasting involves the generation of
a multicast tree, which is a Steiner tree spanning the source and destination nodes.
The performance of multicasting is determined by both the cost of the multicast
tree and the maximum delay between the source node and a destination node in
the tree. Therefore, constructing efficient multicasting is formulated as a bicriteria
Steiner tree problem.

In connection with the problem, the following problem has been considered in
the literature 146719 The delay-constrained minimum cost multicast tree problem
(DCMCMT) is to construct a multicast tree such that the cost of the tree is mini-
mized while the delay between the source node and a destination node in the tree
is bounded by a constant integer. DCMCMT is NP-hard since it reduces to the
Steiner tree problem, which is well-known to be NP-hard. Chen and Xue proposed a
fully polynomial time approximation scheme (FPTAS) for DCMCMT if the number
of destination nodes is bounded by a constant !, while many heuristic algorithms
have been proposed in %719 We present a pseudo-polynomial time algorithm for
DCMCMT if the network is series-parallel.

We also consider the following problem, which is another variant of the problem
of constructing efficient multicasting. The cost-constrained minimum delay multicast
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tree problem (CCMDMT) is to construct a multicast tree such that the maximum
delay between the source node and a destination node in the tree is minimized while
the cost of the tree is bounded by a constant integer. CCMDMT is NP-hard since
it reduces to the cost-constrained shortest path problem (CCSP) which is known
to be NP-hard 3. In fact, CCMDMT is NP-hard even for series-parallel networks,
since CCSP is NP-hard for series-parallel networks as mentioned by Chen and Xue
2. We present in this paper a pseudo-polynomial time algorithm and an FPTAS
for CCMDMT if the network is series-parallel. This paper is the first to consider
CCMDMT, as far as the authors know.

2. Problems

We consider a connected graph G with vertex set V(G) and edge set E(G). Each
edge e is assigned a cost v(e) and a delay d(e) which are assumed to be non-
negative integers. The cost of a subgraph H of G, denoted by ~(H), is defined
as y(H) = > cpm)V(€)- The delay of a path P in G, denoted by §(P), is de-
fined as 6(P) = 3 .cp(p)d(€). A vertex s is designated as the source and a set D
of vertices is designated as the destinations. A tree T is called a multicast tree if
{s} UD C V(T). The delay of a multicast tree T, denoted by 6(7T'), is defined as
MT) = max{0(P(s,d))|d € D, P(s,d): (s,d)-path in T}. Let I' and A be positive in-
tegers. The delay-constrained minimum cost multicast tree problem (DCMCMT) is
to construct a multicast tree T' such that 6(7") < A and v(T) is minimized, while the
cost-constrained minimum delay multicast tree problem (CCMDMT) is to construct
a multicast tree T' such that v(7') < T and 6(T) is minimized.

3. Pseudo-Polynomial Time Algorithms

A graph is said to be series-parallel if it contains no subdivision of K4 as a sub-
graph. A maximal series-parallel graph is called a 2-tree. The 2-trees can be defined
recursively as follows: (1) K3 is a 2-tree on two vertices; (2) Given a 2-tree on n
vertices (n > 2), a graph obtained from G by adding a new vertex adjacent to the
ends of an edge of GG is a 2-tree on n + 1 vertices. A 2-tree on n > 2 vertices has
2n — 3 edges by definition.

In this section, we will show an O(nA?) time algorithm and an O(n*6,.y°) time
algorithm to solve DCMCMT and CCMDMT, respectively, for a series-parallel graph
G with n vertices, where dpax = max{d(e)le € E(G)}. We use methods similar to
those used in 2. We first augment a connected series-parallel graph with n vertices to
a 2-tree on n vertices using a linear time algorithm presented in &. Each added edge
has infinite cost and delay so that the added edges are never chosen in an optimal
multicast tree. We next find an optimal multicast tree in the 2-tree. The algorithms
are based on the dynamic programming.
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3.1. Preliminaries

Let G be a 2-tree and C3(G) be the set of triangles of G. A tree T is defined as
follows: V(I) = E(G) U C3(G); for any e € E(G) and V € C3(G), (e,V) € E(T¢)
if and only if e € E(V). It is easy to see that Ty thus defined is indeed a tree since G
is a 2-tree. Ty is considered as a rooted tree with root r, where r is an edge incident
to s in G. Figure 1 shows a 2-tree G with root r and destinations dg, dq, and do,
and the corresponding rooted tree Tg.

(b) Te.

Fig. 1. 2-tree G and Tg.

Let C(p) be the set of all children of p € E(G) in T. Notice that a child of p is a
triangle in G. Let D(V) be the set of triangles which are descendants of V € C3(G)
in Tg. For C'(p) C C(p), Glp,C'(p)] is a subgraph of G induced by the edges of
triangles in Jgeer () P(V) together with edge p.

Let < be a partial order on V(&) satisfying the following conditions:

e s <uvforallveV(G);
o If V is a triangle with V(V) = {z,y, 2}, and edge (x, z) is the parent of V
with < z, then z < y and y < z.

Such an order can be constructed recursively from the root of T as follows: First,
we define s < v for edge r = (s,v). For every edge p = (z, z) with z < z, if p has
a child triangle C, we define © < y and y < z for vertex y € V(C) \ {z,z}. We
continue this process until < is defined on every pair of endvertices of an edge. Then
the transitive reflexive closure of < is the desired partial order.

For any edge p = (z,y) with z < y and C'(p) C C(p), H,[Ti’cl(p)], H.[’é’cl(p)],
H K’Cl(p )], and H .[Z:’C/(p T are subgraphs of G[p,C’(p)] such that each subgraph contains
the vertices (destinations) in DNV (Gp,C'(p)]) and;

)

. H[O (p)] is a tree with z € V(H[p C/( )]) and y ¢ V( /(P)])7
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€ VITPCDN and y & V(P W),

Finally, let SA = {—00,0,1,...,A}.

3.2. Functions

Let p = (z,y) be an edge with 2 < y and C'(p) C C(p).

Wee(p,C'(p); €4, Esy) is the minimum cost of a tree HP:’C,(p)] in G[p,C’(p)] such
that max {6(z,d)|d € DNV (Gp,C'(p)))} < & and 6(z,y) < &y, where 6(u,v) is
the delay of (u,v)-path in tree Hﬁ’cl(p)], and &, &y € Sa.

Wee(p,C'(p); &y, €uy) is the minimum cost of a tree HP:’C/(M in G[p,C'(p)] such
that max {6(y,d)|d € DNV (G[p,C'(p)])} < & and é(x,y) < &y, where 6(u,v) is
the delay of (u,v)-path in tree Hﬁ’cl(p)], and &y, &2y € Sa.

Weo(p,C'(p); &;) is the minimum cost of a tree HPC®) 4y G|p,C'(p)] such that
max {d(x,d)|d € DNV(Gp,C'(p)])} < &, where 6(z,d) is the delay of (z,d)-path
in tree Hi%cl(p)}, and &, € Sa.

Wee(p,C'(p); &) is the minimum cost of a tree HECW) iy G|p,C'(p)] such that
max {§(y,d)|d € DNV (G[p,C'(p)]))} < &, where §(x,d) is the delay of (x,d)-path
in tree HO[’i’Cl(p)}, and &, € Sa.

Wee(p,C'(p); €z, &y) is the minimum cost of a forest gEC® iy G|p,C'(p)] such
that max{8(z, d)|d € DAV(TPC P < ¢, and max{6(y, d)|d € DNV (TP P} <
&y, where 6(z,d) is the delay of (x,d)-path in tree TPl ang 3(y,d) is the delay
of (y,d)-path in tree Tgp’c/(p)], and &;,&, € Sa.

Noo(p) is defined to be 0 if G[p,C(p)] has no destination and oo otherwise.

For an edge p = (x,y) € E(G) with x < y and C'(p) C C(p), the table W(p,C'(p))
for p and C'(p) is the list of values of Wee(p,C'(D);&z:Eay)s Wee(0:C'(D); €y Eny)
Weo (p, Cl(p); gl)a Woe (p, Cl(p); gy)a and W, (p7 Cl(p); 5907 gy) for every éxv €y7 gxy € Sa.

The following is immediate from the definition of functions above.

Lemma 3.1. For any £ € {0,1,...,A}, min{Weo(r,C(7);£), Wee (,C(r); £, A)} is
the minimum cost of a multicast tree T of G with 6(T) < &, where r = (s,y) € E(G)
is the root of T¢. [

Lemma 3.2. Any function in W(p,C'(p)) is non-increasing for &, &, and &, ®

3.3. Basic Algorithm BA(G, s, D,~,9d, A)

We describe in this subsection a basic algorithm BA(G, s, D, ~, §, A) which computes
W(r,C(r)) for a 2-tree G with n vertices in O(nA3) time.

BA(G,s,D,~,d,A) first computes T and chooses an edge incident with s in G
as the root of T¢.

Then, BA(G, s, D,~,d, A) recursively computes tables W(p,C'(p)) for all p €
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E(G). When we compute functions in each table, we distinguish three cases.

Case 1: C'(p) =0.
For every p = (z,y) € E(G) with z < y, and &;, &, &y € Sa,

(~(p) if the following conditions are satisfied:
(i) if y € D then & > é(p);
Wee (0, 0; €2, &ny) = (ii) if z € D then &, > 0;
(iii) &y > 0(p),
oo otherwise.
v(p) if the following conditions are satisfied:
(i) if y € D then &, > 0;
Wee(D,0: &y, Eay) = (i) if z € D then &, > d(p);
(i) &zy = 0(p),
oo otherwise.
0Oify¢ D, and if z € D then &, > 0,
oo otherwise.
) _JOoifz ¢ D, and if y € D then £, > 0,
Woe (9. 05€,) = {oo otherwise.
0 if the following conditions are satisfied:
_ B (i) if z € D then &, >0,
Wee(p,0: 62, &y) = (i) if y € D then &, > 0,
oo otherwise.

Weo (p, 0;€5) = {

Case 2 : C'(p) = {V} for some V € C(p).

145

For every p = (z,2) € E(G) with C(p) # 0 and = < z, for every V € C(p) with
V(V)={z,y,2}, BE(V)={p=(2,2),¢g = (z,y),t = (y,2)}, and = < y < z, and for

every &g, &y, Exy € Sa, the functions are computed as follows.

Wﬂ(p7{v};§x7€xz) =

min {7(p) + Weo(q,C(q); £;.) +Wo-(t C N | e > 6(p),
§x > max{¢;,d(p) + &0}, (65, €7) }

min {7(p) + Wee(q,C(q); & &0yy) + Wae (t,C(1); €, E7) |
[ Z é(p ) & > maX{fxaféy +&,,0(p) + &1,
(€ €hy €00 EY) € SA T

min min {’7 p +Woo(Q7 ( ) Sxafy) +W“(t C( ) ZI//Z) ‘
£uz > 0(p ) fx >max{£m,6( )+ &L 0(p) + & +€’}
(&5, €0 SA L

min {Wee(q, (q);£w7€wy)+wﬂ(t7c(t); v &) |
gmz > gmy + é—yw 5:E> max{é:,m ézlyy + é—g/j

(,w? ,xya Yy }

(3.1)
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W..(p, {V}a 527 fa:z) -

min {~(p)
& > max{&},8(p) +

min {7(p) + Wee (g,
gmz > 5( ) gx Z max{gxaé—;cy + éga
<€y7£$y7 y? E S4A}

+&0h (&

min min { ,y

+ Weo(q,C(q); €x)+Wo.(t C(t
&) e SZA}

(p) + &%,

(&5 &>

min { W ee(

g’é—g/jz) € S4A}’

y2) ESA}

Weo(p, {V}i &) =

| { min { Weo (g, C(q); &) + Noo(t)

0,C(0); & E0y) + WL,
(g/ 5/ "
Yy Sxyr Sz

C1):€2,€y) |

);€0) | &2z = 6(p),

0(p) + & + &4}

3

(t,C(1);€7.€52) | ’

| &:>€,,€, € Sa},
min { Wes (g, C(0); €5, ELy) + Weo(t,C(£):€)) | !
€S}

€o=max{&y, &y + Ey b (€0, €0y &)

Wee(p, {V} &) =

IIllIl{NOO
min{min{WO. 4,C(q); &, )+W (¢,

+ Woe(t,C(t

< ) fgcsyz) |

5,;/ } €Z>€Za£g S SA} }
Jesh) ’

§-z max{¢, &y, + &}, (6,0

Wee(p, {V}:1&,8:) =
min {Wes(q,C(q); &) + Woa(t, C(t

(€2,€%)

€S},

E,;/ ‘ £$>£m7 £Z>£;,7

min{W..(q,C(Q) gmﬂgmy) +W..(t C( )753/4/75,;/) ‘

I €, € + €03 €267, (€, €Ly £ EY) € BA ),
min {W..(q, ( ) gq’é—y) + Wﬂ( ( 5;/’5?;; ‘ 5:}025:;7
&Z maX{‘E/ yz + Sy} (‘E/wv Sé}yv yz € S4A}
Case 3 : C'(p) =C"(p) U{V} for some C"(p) C C(p) and V € C(p) — C"(p).

(3.3)

For every p = (z,y) € E(G), C'(p) € C(p), V € C'(p), and &, &y, &ay € Sa, the

functions are computed as follows:

Wﬂ(pvc/(p)§€xa5my) =

min { Wee (p,C"(p); &5, E1y) + W--(J% {V} E0.8)) | Eay = Eby

ngmax{fgn gvfg +£:I::y}7( T
min {Wea (p,C" (p): €., &) + W.
§o2 max{€;, &7, & + &7y 3 (€

- Ty’
min y

2,6y e 51),

(p,{V} 5 f;v/y ‘ &Ey > fzy?
4
;7 :Z?ggy 6 SA}
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Wee(p:C'(p); &y €ay) =
min {W"(pvc”(p)aggpélxy) + W"(p7 {V}aglx/?ég;/) ‘
&y=max{€}, &, & + &} (€5, 60y 60 6y) € 4}
) |
4}

5 Z gmgp

min ,

min { Wae (0, C" () €2:€) + Wes (P, {V} 5
€y2max{€;, Z,J/’£QC+ ch/yjﬁ( g//’ g//’ Y

Weo (0, C'(0); €&2) = Weo (0, C" (p); &) + Weo (0, {V}; &2),
Woe (0, C'(1); §y) = Woe (0,C"(9); &) + Woe (0, {V }; &),
W..(Z%C/( ) gmaéy) u(pvc/l( )§£gg,£y)+W..(p,{v}§fm,€y)'

The computation of the tables for functions proceeds as follows. We first compute
W(p,C(p)) = W(p, D) for every leaf p of Tz as in Case 1 above.

For every triangle V with parent p and children ¢q and ¢, W(p, {V}) is computed
using tables W{(q,C(q)) and W(t,C(t)) as in Case 2.

For every p € E(G) with C(p) = {V1,Va,..., Viep}, W(p,C(p)) is computed as
follows. Let ) (p) = {V1,Va,...,V;} for 1 <i < |C(p)]. W(p,CD(p)) is computed
using W(p,C 1 (p)) and W(p, {V;}) as in Case 3 for 2 < i < |C(p)|.

Finally, BA(G, s, D,~,d, A) outputs W(r,C(r)).

f:]cy = :ch’

3.4. Analysis of BA(G, s, D,~,68,A)

We use the following lemmas to prove Theorem 3.1 below. Lemmas 3.3 and 3.4 are
rather obvious.

Lemma 3.3. BA(G,s,D,v,6,A) computes W(r,C(r)), correctly. ]
Lemma 3.4. W(p,®) is computed in O(A2) time for any leaf p of Tg. [ |

Lemma 3.5. Let V be a triangle with parent p and children ¢ and t. Given
W(q,C(q)) and W(t,C(t)), W(p,{V}) is computed in O(A3) time.

Proof. We only show the computational time for (3.1) in W(p, {V}), that is, we
show how to compute Wee(p, {V}; &z, &sz) from tables W(q,C(q)) and W(t,C(t)).
Those for (3.2)—(3.5) in W(p, {V}) can be shown similarly.

Let E(V) = {p = (z,2),q = (z,y),t = (y,2)}. By definition, G[p,{V}] =
Glq,C(q)] U G[t,C(t)] U {p} (See Fig. 2). Let D, = DN V(G[q,C(q)]), D; = DN
V(G[t,C(t)]), and Dy = DN V(G[p,{V}]). Then, Dy = D, U Dy, by definition.

For any tree M C G and u,v € V(M), let 0pr(u,v) = X ccppy (o)) 9(€);
where Pp(u,v) is the path of M connecting uw and v, and let dp(u) =
mMaXje pAv (M,) OM, (u,d), where M, is the connected component of M including
w and we define §p;(u) = —oo if DNV (M) = 0.

We show the computational time of (3.1) to be O(A) for any (£,,&,.) € SA.
Case 1: There exists an H,[T:’{V}].

Let H be an H,[T:’{v}] with the minimum cost. Then, H includes both = and y,
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Gla.Cq)] ¥ G[L%C(ti}

Fig. 2. Glp,{V}] = Glg,C(9)] U G[t, C()] U {p}-

el

(@) HEAYY _ glec@] | gle@l [ oy gy gV glac) | glue),

Fig. 3. nEVY,

5H($> < fza 5]-[(.’13, Z) < 5127 and ’Y(H) = Wn(]% {v}v gxa fxz) Let Hq = HQG[%C(QH
and Hy = HNG[t,C(t)]. Since H C G[p, {V}] is a tree including both x and y, there
exists exactly one path connecting z and y on H. We distinguish the proof into the
following four cases.

Case 1-1: p € E(H,[’i’{v}]) and y ¢ V(HE’{V}]).

In this case, Hy is an Hl%’c(q)], H; is an HE.’C“)], d(p) < &z, and

Wea (0, {V} €0 €oz) = min {Woo (¢, C(0); €4) + Woa (8, C(1):€7) +7(p) |
o 2 max{€;, 6 +0(p)}, &z 2 0(p)} (3.6)
(See Fig. 3 (a)). Let d,, € Dy be a destination satisfying dp, () = dg, (=, dy) if

D, # 0 and d. € D; be a destination satisfying dp, (2) = dp, (2, d.) if Dy # 0. Since
p€ E(H) and y ¢ V(H), we have

i

_ / /
o (z) = max{drgleagq o, (=, dx),dznea]%c Om,(z,d,) +(p)}
= max{dn, (2, ds), 0m, (2,d.) + 0(p)}, 3.7)

where g, (2,d,) = —oo if such d;, does not exists and 0y, (z,d.) = —oo if such d,
does not exists.
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Since H, is an 19D and S, (x) < &, we have Weo(q,C(q);€) < v(Hy).

By the similar arguments, we also have Woo(t,C(t); & — v(p)) < v(Hy). Thus from
Lemma 3.2 and (3.7), for &, = &, and & = &, — v(p), we have
Wea(p, {V}:6e,802) = v(H)
=7(Hy) +~(Hi) +7(p)
> Weo(q,C(9); &) + Woe(£,C(1):£7) + 7(p)-

From (3.6), the optimality of H, the inequality holds with equality, that is,

Wea(p: {V}; €2y €a2) = Wao(a:C(0); §2) + Waa (£, C(2);€7) +7(p)- (3.8)
Therefore, Wee(p, {V}; €2, &22) can be computed in O(1) time by computing (3.8).

Case 1-2: p € E(H,[’i’{v}]), y € V(HE’{V}]), and H N G[q,C(q)] is connected.
In this case, H N GJt,C(t)] is disconnected (See Fig. 3 (b)), and
e > max{&,, &7 +6(p), &, + &} 6 = 0(D) )
By the similar arguments to (3.8) in Case 1-1, assuming &, = &, &7 = &, — d(p),

and &, = &, — &, we have

W"‘ <p7 {V}, va fa:z)

= min{Wea(q,C(); &1 Ey) + Wea(t,C(2); €5, 67) +7(p) € € Sa}.
Wee(p, {V};€:,&;.) can be obtained in O(A) time since we only need to check the
value of Wee(q,C(9); &5, €xy) + Wae(t, C(2); &y, £7) + v(p) for all £ € Sa.

Case 1-3: p € E(H,[’i’{v}]), y € V(HP’:WH), and H N G[t,C(t)] is connected.
In this case, H N G[q,C(q)] is disconnected (See Fig. 3 (c¢)). Then, by the similar
argument to Case 1-2,

Wee (0, {V}; &2, &e2)
> min {Wae(q,C(q); &, &) + Wee(t,C(1): £, €,.) +7(p) |
€ > max{g;, d(p) + &7, 6(p) + & + &} ez 2 0(p) }
can be computed in O(A) time. In fact, this can be done by checking Wee(g,C(q);
€2:&y) T Wea(t,C(2):€2,&y7.) + v(p) only for all £, € Sa by putting & = &, & =
£x — 0(p), & = & —6(p) — &,

Case 1-4: p & E(HZ V! (See Fig. 3 (d)).
In this case, we can similarly compute
min {Wn (Q7 C(Q); gx? f;sy) + Wﬂ(t7 C(t); 5;17 fgl/lz) ’
& > max{€,, €L, + &}, 6 > & + 65 )
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in O(A) time since we only need to consider the cases that £} = &, { = & —
and €7, = £, — £, for all £/, € Sa.

Case 2: If such H does not exist for (¢,,&..) € SA, all four equations in
right hand side of (3.1) are co and it is verified that the computational time of
Wee(D,{V};€2,&x2) to be O(A) as mentioned above.

Since Wes(p, {V}; €2, €x2) can be computed in O(A) time for each (&,,&,.) € S&,
those for all (£;,&,.) € S4 can be computed in O(A3) time. [ |

.Ty’

Lemma 3.6. Let p € E(G), C(p) = {V1,V2,...,Viep)}, and CO(p) = {Vy,V
L Vi} for 1< < [C(p)|. Given W(p,C"D(p)) and W(p, {V:}), W(p,C9(p >>
computed in O(A3) time for 2 < i <|C(p)|. [ |

Lemma 3.6 can be shown in a similar way to the proof of Lemma 3.5.

Theorem 3.1. For a 2-tree G on n vertices, BA(G,s, D,~v,d,A) computes W(r,
C(r)) in O(nA3) time.

Proof. The tables W(p, ) for all leaves p can be computed in O(nA?) time by
Lemma 3.4. Since the number of triangles is O(n), the tables W(p, {V}) for all
triangles V can be computed in O(nA3) time by Lemma 3.5. By Lemma 3.6,
W(p,C(p)) can be computed in O(|C(p)|A?) time. Since > perq) IC(P)] = O(n),
the tables W(p,C(p)) for all edges p can be computed in O(nA?) time. It follows
that BA(G, s, D,~,d, A) computes W(r,C(r)) in O(nA3) time by Lemma 3.3. m

By Lemma 3.1 and Theorem 3.1, BA(G, s, D,~,d,A) computes the minimum
cost of a multicast tree with delay at most & for any £ € {0,1,...,A}. If we perform
some bookkeeping operations such as recording how the minimum was achieved dur-
ing the computation of the tables for functions, we can construct a delay-constrained
minimum cost multicast tree in the same time complexity. Thus, we have the fol-
lowing.

Corollary 3.1. Given a 2-tree G on n vertices, s, D, ~v, §, A, and an integer &,
0 <& <A, aminimum cost multicast tree T with 6(T) < & can be constructed in
O(nA3) time. n

We denote by MT(G, s, D,~,d, A, €) such an O(nA?) time algorithm construct-
ing a minimum cost multicast tree 7' with §(T") < £ for a given 2-tree G, s, D, 7, 0,
A, and an integer £, 0 < & < A.

3.5. Pseudo-Polynomial Time Algorithm for DCMCMT

Given a connected series-parallel graph G’ with cost and delay functions ' and
&', we denote by EXT(G’,4',7') a linear time procedure for augmenting G’ to a 2-
tree G with V(G) = V(G") 8, and extending 7/ and & to v and &, respectively, by
defining v(e) = oo and d(e) = oo for each e € E(G) — E(G’), and v(e) = v/(e) and
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§(e) = §'(e) for each e € E(G’). Then, it is easy to see that Algorithm 1 shown
in Fig. 4. solves DCMCMT for series-parallel graphs, and we have the following by
Theorem 3.1.

Theorem 3.2. For a series-parallel graph G with n vertices and a positive integer
A, Algorithm 1 solves DCMCMT in O(nA?) time. ]

Input a series-parallel graph G', s € V(G'), D C V(G'),
v :E(G)—N,§:EG)—>N AeZ".

Output a minimum cost multicast tree T° with delay at
most A.

begin
ExT(G',~',0");
BA(G,s,D,~,6,A);
MT(G,s,D,~,6,A, A);
if v(T') <
return 7T
else
return “NO”;
endif
end

Fig. 4. Algorithm 1.

3.6. Pseudo-Polynomial Time Algorithm for CCMDMT

Given a cost bound T' and the table W(r,C(r)) for functions, we denote by
MIN_DELAY(T', W(r,C(r))) a linear time procedure for computing the minimum &
satisfying min{Wee (r,C(1); &, A), Weo (r,C(r); €)} < T if exists. It returns oo if there
exists no such &.

Since the number of edges of multicast tree is at most n — 1, the maximum delay
of a multicast tree is at most (n —1)0yax, Where dyax = max.cp(cr) 0’ (e). Thus, it is
easy to see that Algorithm 2 shown in Fig. 5 is a pseudo-polynomial time algorithm
for CCMDMT, and we have the following by Theorem 3.1.

Theorem 3.3. For a series-parallel graph G with n vertices and a non-negative
integer T', Algorithm 2 solves CCMDMT in O(n*6pa’) time if $pay > 1. |

4. FPTAS for CCMDMT

We use standard techniques 2359 to turn BA(G, s, D,~, 5, A) into an FPTAS for
CCMDMT. We show in Section 4.1 a pair of upper and lower bounds U and L for
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Input a series-parallel graph G,
se V(G", D CV(G),
¥ :E(G)—N,§:E(G)—>NTeZt.

Output a minimum delay multicast tree T" with cost at
most T

begin

Smax = max d (e);
cCB(GY)

A" = (n — 1)0max;
ExT(G,+',0");
BA(G, s, D,~,6,A");
MIN_DELAY(T, W(r,C(r)));
if £ <o
MT(G, s, D,~,6,A,¢);
return 77
else
return “NO”;
endif

end

Fig. 5. Algorithm 2.

the minimum delay of a cost constrained multicast tree such that U/L < n — 1. For
any € > 0, we show in Section 4.2 a (14 ¢)-approximation algorithm for CCMDMT.
The algorithm runs in O(n”/s3) time, provided that we have a pair of upper and
lower bounds U and L for the delay of a cost constrained multicast tree such that
U/L = O(n). It follows that we have an FPTAS for CCMDMT.

4.1. Upper and Lower Bounds for Minimum Delay

We use a technique similar to 2. Let v < vy < --- < v, be different edge delays, and
~v; be the cost function defined as y;(e) = y(e) if §(e) < v}, and vy;j(e) = oo otherwise.
Let T; be a minimum cost multicast tree of G for «y;, and J be the minimum j such
that v;(T;) <T.

By the definition of J, the minimum delay of a cost constrained multicast tree
is at least vy and at most (n — 1)v;. Since such J and also Ty can be computed in
O(nlogn) time 2, we have the following.

Theorem 4.1. A pair of upper and lower bounds U and L for the minimum delay
of a cost constrained multicast tree satisfying U/L = n — 1 can be computed in
O(nlogn) time. Moreover, a multicast tree T; with cost at most T' and delay at
most U can also be computed in O(nlogn) time. |

Given a 2-tree (G with source s and destinations D, cost and delay functions v and
J, and a positive integer I', we denote by Comp_UL(G, s, D,~,4,T") an O(nlogn)
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time procedure for computing upper and lower bounds U and L with U/L <n —1.

4.2. FPTAS for CCMDMT

For any o > 0, let §, be a delay function defined as d,(e) = |ad(e)| for any
e € FE(G). Let T,, be a minimum delay multicast tree with cost at most I" for §, and
OPT(6a) = da(Ta). Notice that T} is a minimum delay multicast tree with cost at
most I' for § = §;. We denote by P, a maximum delay path in 7T, for .

By the definition of J,,, we have

(0a(e) +1) (4.2)
for any e € F(G). If we denote by P; a maximum delay path of Ty for d,,

OPT(5) = Y d(e)

eGE(Pl)

> ) 6(e)
)

e€E(P]

where (4.3) follows from (4.1).
Moreover, if we set & = (n — 1)/eL, and denote by P/ a maximum delay path
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in T, for §, we have

(Ta)= ) 6

e€E(P.)

<13 a0+ (4.5)

o
e€E(P))

1 1
—|E(P)|+ = D dale)
@ o

c€E(PY)

”‘Hé S dale)

[e%

IA

IA

— L+ éOPT(éa) (4.6)
< L + OPT(s) @7
< (1+2)OPT(9),

where inequality (4.5) and (4.7) follow from (4.2) and (4.4), respectively.
Thus, we conclude that Algorithm 3 shown in Fig. 6 is an FPTAS for CCMDMT.
Since A, = (n — 1)U/eL, we have the following by Theorem 3.2.

begin

Input a series-parallel graph G’, s € V(G'), D C V(G'),
Y EG)—-N§ EG)—-NTeZt e>0.

Output a multicast tree T" with cost at most I and delay
at most (14 )OPT(d").

ExT(G’, 7, 6");
ComP_UL(G, s, D,~,4,I');

a:=(n—1)/eL;
do(e) := |ad(e)] Ve € E(G);
A, = alU;

BA(G,s,D,7,04,A4);
MIN_DELAY(T, W(r,C(r)));
MT(G, s, D,, 00, Aa, &);
return T’

end

Fig. 6. Algorithm 3.

Lemma 4.1. For a series-parallel graph G with n vertices and a non-negative in-
teger A, Algorithm 3 computes a (1 + €)-approzimate solution for CCMDMT in
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O (n(nU/sL)S) time if we are given an upper bound U and a lower bound L of
CCMDMT. m

If U/L = On), O(n(nU/cL)*) = O (n”/e%). Thus, from Theorem 4.1 and
Lemma 4.1, we have the following.

Theorem 4.2. A (1 + ¢)-approximate solution for CCMDMT can be obtained in
O(nlogn + n"/e%) time. ]

5. Concluding Remarks

e The time complexity in Theorem 4.2 can be reduced to O(n?/e® + n3) by
adopting a well-known scaling and rounding technique used in 2329, The
proof is rather complicated and omitted here.

e It should be noted that our method to obtain FPTAS for CCMDMT cannot
apply to DCMCMT in a straightforward way, since A can be exponentially
large.

e The approximability of DCMCMT and CCMDMT for general graphs, and
that of DCMCMT for series-parallel graphs are interesting open problems.
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