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On Fault Testing for Reversible Circuits

Satoshi TAYU'®, Member, Shigeru ITO", Nonmember, and Shuichi UENO', Fellow

SUMMARY It has been known that testing of reversible circuits is rel-
atively easier than conventional irreversible circuits in the sense that few
test vectors are needed to cover all stuck-at faults. This paper shows, how-
ever, that it is NP-hard to generate a minimum complete test set for stuck-at
faults on the wires of a reversible circuit using a polynomial time reduction
from 3SAT to the problem. We also show non-trivial lower bounds for the
size of a minimum complete test set.
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1. Introduction

The power consumption and heat dissipation are major is-
sues for VLSI circuits today. Landauer [3] showed that con-
ventional irreversible circuits necessarily dissipate heat due
to the erasure of information. Bennett [1] showed, however,
that heat dissipation can be avoided if computation is carried
out without losing any information. This motivates the study
of reversible circuits. Furthermore, reversible circuits have
potential applications in nanocomputing [4], digital signal
processing [7], and quantum computing [5].

In order to ensure the functionality and durability of
reversible circuits, testing and failure analysis are extremely
important during and after the design and manufacturing.
It has been known that testing of reversible circuits is rel-
atively easier than conventional irreversible circuits, as re-
viewed below. This paper shows, however, that given a re-
versible circuit C, it is NP-hard to generate a minimum com-
plete test set for stuck-at faults, which fix the values of wires
in C to either O or 1. This is the first result on the complex-
ity of fault testing for reversible circuits, as far as the authors
know. We also show non-trivial lower bounds for the size of
a minimum complete test set.

A gate is reversible if the Boolean function it computes
is bijective. If a reversible gate has k input and output wires,
it is called a k X k gate. A circuit is reversible if all gates
are reversible and are interconnected without fanout or feed-
back. If a reversible circuit has n input and output wires, it
is called an n X n circuit.

We focus our attention on detecting faults in a re-
versible circuit C which cause wires to be stuck-at-0 or
stuck-at-1. Let W(C) be the set of all wires of C. W(C)
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consists of all output wires of C and input wires to the gates
in C. W(C) is the set of all possible fault locations in C.
For an n X n reversible circuit C, a test is an input vector in
{0, 1}". A test set is said to be complete for C if it can de-
tect all possible single and multiple stuck-at faults on W(C).
Patel, Hayes, and Markov [6] showed that for any reversible
circuit C, there exists a complete test set for C. Let 7(C) be
the minimum cardinality of a complete test set for C.

We first show that it is NP-hard to compute 7(C) for a
given reversible circuit C. Let MTS (Minimum Test Size)
be a problem of deciding if 7(C) < B for a given reversible
circuit C and integer B. We show in Sect.3 that MTS is
NP-complete.

Patel, Hayes, and Markov [6] showed a general upper
bound for 7(C) as follows. They showed that

7(C) = O(log|W(O))) ey

for any reversible circuit C. We show the first non-trivial
existential lower bound for 7(C). We show in Sect. 4 that
there exists a reversible circuit C such that

7(C) = Q(loglog [W(C)D). 2

A k-CNOT gate is a (k + 1) x (k + 1) reversible gate.
It passes some k inputs, referred to as control bits, to the
outputs unchanged, and inverts the remaining input, referred
to as target bit, if the control bits are all 1. The 0-CNOT gate
is just an ordinary NOT gate. A CNOT gate is a k-CNOT
gate for some k. Some CNOT gates are shown in Fig. 1,
where a control bit and target bit are denoted by a black dot
and ring-sum, respectively. A CNOT circuit is a reversible
circuit consisting of only CNOT gates. A k-CNOT circuit
is a CNOT circuit consisting of only k-CNOT gates. Any

c c
C ot b car

(a) 0-CNOT gate. (b) 1-CNOT gate.

1 —e— C1
2 —¢— C2

t —hb— (61/\02)@15

(c) 2-CNOT gate.
Fig.1 CNOT gates.
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Boolean function can be implemented by a CNOT circuit
since the 2-CNOT gate can implement the NAND function.
Chakraborty [2] showed that

7(C) <n 3)

if C is an n X n CNOT circuit with no 0-CNOT or 1-CNOT
gate. We show in Sect. 5 that there exists an n X n 2-CNOT
circuit C such that

7(C) = Qlogn). 4)

It is an interesting open problem to close the gap be-
tween the upper bound (1) and our lower bound (2), and the
gap between the upper bound (3) and our lower bound (4).

2. Complete Test Sets

A wire w of a reversible circuit C is said to be controllable
by a test set T if the value of w can be set to both 0 and 1
by T. A set of wires § € W(C) is said to be controllable
by T if each wire of S is controllable by T. The following
characterization for a complete test set is shown in [6].

Theorem I: A test set T for a reversible circuit C is com-
plete if and only if W(C) is controllable by 7. ]

3. NP-Completeness of MTS

The purpose of this section is to prove the following:
Theorem 1: MTS is NP-complete.

Proof. A minimum complete test set 7 for a reversible
circuit C can be verified in polynomial time, since |T| =
O(log [W(C)]) by (1). Thus MTS is in NP.

We show a polynomial time reduction from 3SAT, a
well-known NP-complete problem, to MTS. Let x = (x,
X2,...,X%,) and

o(x) = /m\pj
j=1

be a Boolean function in conjunctive normal form in which
each clause p; has 3 literals for j € [m] = {1,2,...,m}. For
a Boolean variable x, literals X and x are denoted by K and
x!, respectively.

We use generalized CNOT gates for simplicity. A gen-
eralized k-CNOT gate has k control bits x, x2,...,x; and a
target bit . The output of the target bit is defined as

(" AXP A AX B

A control bit x; is said to be positive if «; = 1, and negative
if @; = 0. Notice that a CNOT gate is a generalized CNOT
gate with no negative control bit. Notice also that a negative
control bit is equivalent to a positive control bit with a O-
CNOT gate on the input and output wires. A generalized
CNOT [k-CNOT] circuit is a reversible circuit consisting of
only generalized CNOT [k-CNOT] gates.
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We first construct a generalized CNOT gate G for each
clause p;. Let

pj= x(jrl" % x}rzﬂ % x(j.r3’3,

where o;; € {0,1} and xj; € {x|i € [n]} for ] € [3]. We
construct a generalized 3-CNOT gate G, for p; as follows.
The gate G has 3 control bits x;i, x5, x;3, and a target bit
t. A control bit xj; is defined to be positive if o = 0, and
negative if o = 1. For an nXn circuit C and an input vector
v € {0, 1}, we denote by C(v) the output vector of C for v.
The following lemma is immediate from the definition of
G,

Lemma 1: Gj(le,sz,xj3,t) = (le,sz,xj3,p_j®t). | |

Lemma 1 means that G, changes the target bit ¢ for
input vector (x;i, xj2, x;3,) if and only if p;(xj1, xp2, xj3) =
0. As an example, for a Boolean function:

p1 =Xx1 VXV as, and
P2 =X VX2V X3,

Y(x1,x2,Xx3) = p1 A pa,
)

generalized 3-CNOT gates G| and G, are shown in Fig. 2 (a)
and (b), respectively, where a negative control bit is denoted
by an empty circle.

We next construct a (2n + 1) X (2n + 1) generalized 6-
CNOT circuit C(¢) for ¢. For x = (x1,x2,...,%.),y = (1,
Y2, ...,yn) €1{0,1}", and 1 € {0, 1}, let

X = (X1,%,...,%,) and

(x’y7t) = (xl7x2,---,xm}’I,yz,-'-J’mt)-

Let G;. be a copy of G; with control bits x’;, x;.2, x}3, and a
target bit # for any j € [m]. For any jh € [m], Gj, is a
generalized 6-CNOT gate with control bits x;i, xj2, X3, x;ll,
X}, X3, and a target bit z. A control bit x;[x;,] is positive in
G if and only if x[x},] is positive in G;[G}]. We construct
a(2n+1)x(2n+ 1) generalized 6-CNOT circuit C(¢) which
is a cascade consisting of m? gates Gjj, (j,h € [m]). As an
example, C(y) for the Boolean function ¢ defined in (5) is
shown in Fig. 3. We have the following by Lemma 1.

Lemma 2: Gjh((x, x, t))
= (x,x’,(%/\;ﬁ)@t). |

Lemma 2 implies that G j;, changes the target bit if and only

1 1
T2 x2
x3 xr3

t

(a) Gi. (b) Ga.
Fig.2  Generalized 3-CNOT gates G and G».

~
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if pj(x) = 0 and pp(x’) = 0.

We now show that ¢ is satisfiable if and only if
7(C(¢)) < 2. For a gate G of C, G[v] is the output vector
of G generated by an input vector v of C. Also, w[v] is the
value of a wire w in C generated by v.

Lemma 3: A test set T = {v},v,} of a generalized CNOT
circuit C with no 0-CNOT gate is complete if and only if T
satisfies the following conditions:

(i) v2 =1, and
(i) G[vi] =v; (i € [2]) for every gate G of C.

Proof. Tt is easy to see that if T satisfies (i) and (ii), then
W(C) is controllable by 7. Thus T is complete for C by
Theorem I.

Suppose T is complete for C. Then W(C) is control-
lable by T by Theorem I. Since the input wires of C are
controllable by 7', we have v, = v|. Thus, T satisfies (i).
Suppose T does not satisfy (ii), that is G[v;] # v; for some
generalized k-CNOT gate G and some i, say i = 1. That is,
if wy and wy, are the input and output wires of the target bit
of G, we have

Wolv1] = walvil. (6)
Since the input wires of G are controllable by 7', we have

wailval = wailvil (7)
for every input wire w,; of G. Thus we conclude that

wilva] = wlvil. ®)

By (6), (7), and k > 1, there exists an input wire wg; of
control bit of G such that w¢i[vo] = 1 if w,; is a negative
control bit, and w;[v,] = 0 otherwise. This implies that

Wio[v2] = wi[v2]. &)
By (6), (8), and (9), we have
Wto[vl] = Wto[VZ]’

which means that w, is not controllable by T, a contradic-
tion. Thus T satisfies (ii). [ |
Now, we are ready to prove the following.

T O O
) % %
z3 O O
! ——
z/

2 I I

!
z i et J\ et
t VanY VanY

A\ A\ A A\

G11 Gi2 G211 G2
Fig.3  Generalized 6-CNOT circuit C(y).
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Lemma 4: ¢ is satisfiable if and only if 7(C(¢)) < 2.

Proof. Ttis easy to see from Lemmas 2 and 3 that if ¢(x) =
1 for some x € {0, 1}, then a test set {(x,X,0), (X, x, 1)} is
complete for C(¢). Thus, 7(C(¢)) < 2.

Notice that 7(C) > 2 for any reversible circuit C by
Theorem I. Suppose 7(C(¢)) = 2, and let T be a complete
test set of size two. By Lemma 3, T = {(x,y,0),(x,y, 1)}
for some x,y € {0,1}". Also by Lemma 3, G[(x,y,0)] =
(x,y,0)and G j[(x,y, 1)] = (x,y, 1) forany j, h € [m]. Thus
by Lemma 2,

pj(x) A pr(y) = 0and p;(X) A pp(y) =0
for any j, h € [m], that is,
Pi(x)Vpu(y) =1land p;(x) vV pp(y) = 1

for any j,h € [m]. If pj(x) = 1 for any j € [m], then
#(x) = 1, and ¢ is satisfiable. If p;(x) = 0 for some j € [m],
then p,(y) = 1 for any h € [m]. Thus ¢(y) = 1, and ¢ is

satisfiable. ]
Since C(¢) can be constructed in polynomial time, we
complete the proof of Theorem 1. ]

4. Lower Bounds for 1-CNOT Circuits

The purpose of this section is to prove the following:

Theorem 2: There exists a 1-CNOT circuit C such that

7(C) = Qoglog |W(O))). -
Before proving the theorem, we need some preliminar-
ies.

4.1 Preliminaries

The level of a wire of a reversible circuit is defined as fol-
lows. The input wires of the circuit are at level 0, and the
output wires of a gate are at one plus the highest level of any
of input wires of the gate. In cases where an input wire of a
gate is at level i and the output wires are at level j > i + 1,
we say the input wire is at all levels between i and j — 1
inclusively.
It is easy to see the following lemmas.

Lemma 5: If C; is a reversible 2 X 2 circuit consisting of

just one 1-CNOT gate, then 7(C3) = 3. ]
Lemma 6: If Bisa2 X2 I-CNOT circuit shown in Fig. 4,
then B(v) = v for any v € {0, 1}%. n

Lemma 7: If C is an n X n 1-CNOT circuit with g gates,
then |[W(C)| = n + 2g. [ ]

1l

Fig.4 2 x2 1-CNOT circuit B.
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4.2  Proof of Theorem 2

We prove the theorem by constructing such circuits. Let
Cj, (h > 3) be a 1-CNOT circuit defined as follows. Let
C3 be a 1-CNOT circuit consisting of just one 1-CNOT
gate. For h > 4, C}, is recursively defined as follows. Let
Cglo_)l,Cil_)l,...,C,(f’l”) be @)1 + 1 copies of Cj_1, where
w1 = |[W(Cj-1)|. Construct an nj,_1 X n;,_; 1-CNOT circuit
D;,_; by concatenating C,(:_)l R C,(f_)l e, C;f’l’"), where nj,_ is
the number of input wires of Cj,_;. Let

k k k
WP ) = i w, L wh

> W1

for 0 < k < @y,_; such that if the level of ng) is not greater
than the level of wg.k), theni < j. Cj, is constructed from Dy,
and C1(10_)1 by inserting a copy of 1-CNQOT circuit B shown in
Fig. 4 for each wire of C,(ji \» I € [@y-1], such that the wire

of C,(ji | is the control bit and wgo)is the target bit of the 1-
CNOT gates. As an example, D3 and C, are shown in Fig. 5
and Fig. 6, respectively.

Let g;, be the number of gates in Cj,. From the definition
of C},, we have

2h—2

n, = (10)

for h > 3. We also have
gh = (Wh—1 + 1)gh—1 + 2w

(nh—l +2gp-1 + l)gh—l +2(mm1 +2g0-1)* (1)
(12)

= 10gj_; + gn-19mp_y + 1) +2n;_,

for h > 4, where (11) follows from Lemma 7. Since each
input wire of Cj, is an input wire of a gate, and every 1-
CNOT gate has two input wires, we have

BENSE
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ny, < 28 13)
for h > 3.

Lemma 8: & = Q(loglog |W(Cp))).

Proof. By (12) and (13), we have

gn = 10g5_, + g1 Omu_y + 1) + 2,
< 36g%_1 + 8n-1
< 37g%_1.

It follows that 37g, < (37g,-1)%, and so

log g, +1og37 < 2(log gy-1 + log37)
< 2"3(log g3 + log 37)
< 23 10g37
since g3 = 1. Thus, we have
log g, < 2"31og37. (14)
By Lemma 7 and (13), we have

wy = np + 2gh
< 4gh

for h > 4, and so

loglogw; < logloggy + 1
< h-3+loglog37+1

by (14). Thus we conclude that

h = Q(loglog @y).

Lemma 9: t7(Cp) > h.

Proof.  The proof is by induction on 4. 7(C3) = 3 by
Lemma 5. Suppose 7(Cj—1) = h — 1. We will show that
7(Cp) > h. Suppose contrary that 7(Cy) = h — 1. Let

s ST N N T ={,v,...,vp 1}
Fig.5 1-CNOT circuit D3. be a complete test set for C;, and v; = (vgl),vgz)) for
Cél) C§2) C§3> C§4>
Attt el S el el el S el el el Sl el S el Sl el Sl
I 1 I 1 [ I
I i I I [ |
I i I I [ |
I 1 I I [ |
(3 P R A 4 i R RS S /AR R R 4P 4P~ i R U P AL P R AU 4 7 P D A A0 R RS P 4.~ R R A AL
© A-d-d-d---d-dod-d-d-doq-dooododododooodododdooododdod-dodododood s (0)
Wyt - - — - = - — PP P——P- PP~ A
1 1
1 1
1 1
W b ddd e bl u?
o)

Fig. 6

4 x4 1-CNOT circuit Cy.
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vgl)’vf) € {0, 1y (1 € [h—1]). Let

T = {v1,v2,...,v4-2}, and
ok k
T; = 0, W)
for k € [2].

Since 7(Cp—1) = h — 1 by the inductive hypothesis,
W(Cj-1) is not controllable by T, k € [2]. Thus there ex-

ists i such that wgo) in C1(10_)1 is not controllable by T;. There

also exists j such that wg.i) in Dy is not controllable by T7.
Thus, we have

oD = PP 3ds)

for any v;,v,, € T'.

Let G be the left 1-CNOT gate of a copy of B whose
control bit is at w” and target bit is at wgo), w, be the input

wire of control bit of G, and w;, be the input wire of target
bit of G. Then by Lemma 6,

welvil, wilvil) = /1, wi®1r]) (16)
for any v; € T’. By (15) and (16), we have
welvil, wilvil) = Owelvl, wilvnl) (17)

for any v;,v,, € T’. By Lemma 5 and (17), we conclude that

W(G) is not controllable by T = T’ U {v;_;}, a contradiction.

Thus, we have 7(Cj) > h. [ |
From Lemma 8 and 9, we obtain Theorem 2.

5. Lower Bounds for 2-CNOT Circuits

The purpose of this section is to prove the following.

Theorem 3: There exists an n X n 2-CNOT circuit C such
that 7(C) = Q(logn).

Proof.  We need the following two lemmas, which can be
easily seen.

Lemma 10: If E3 is a 3 X 3 2-CNOT circuit shown in

Fig.7 (a), then 7(E3) = 3. [ |
Lemma 11: If F is a 3 x 3 2-CNOT circuit shown in
Fig.7 (b), then F(v) = v for any v € {0, 1}°. n

We prove the theorem by constructing such circuits.
Let E, (h > 3) be a 2-CNOT circuit defined as fol-
lows. Let E3 be a 2-CNOT circuit shown in Fig.7 (a).
For h > 4, E, is recursively defined as follows. Let
E521 for 0 < i < wy,_; and Eglj_kl) for jk € [w)_1] be
copies of Ej_;, where w,—; = |W(Ej-1)|. Construct an
np—1 X np—; 2-CNOT circuit Hj,_; by concatenating E;ll_)l,
Ef_)l, el Eﬁfq"), and construct an n;,_; X n,—1 2-CNOT cir-

cuit J;-; by concatenating Eil’l),Eil’z), . ,E(ll’w’”),E(zz’l),
(2,2)

ES?, . D

ber of input wires of E;,_;. Let

EQ@'/H) E(w/kl»w/kl)
L)

s Ly

, where nj,_; is the num-

WE?P ) = " wd, .. w? Yand

IR S|

(k) (k) (k) (k)
W(Ehj_l ) = {W]] ’ sz LI W’Iéh,l}
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a
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Fah\
N

ran\
U

(a) 3 x 3 2-CNOT circuit E3.

A MN

(b) 3 x 3 2-CNOT circuit F.
Fig.7 3 x32-CNOT circuits E3 and F.

such that if the level of wg*) is not greater than the level of
wg*), theni < j. Ej, is constructed from J;,_;, H,_1, and Ezo_)l
by inserting a copy of F for each wire wg’j) with i, j,k €
[@s_1] such that wf(”’) of E;:’_Jl) in Jj,_; is the top bit of the
copy of F, wg.’) of E;:il in Hj_, is the middle bit of the copy
of F, and wﬁo) of E;lo_)l is the bottom bit of the copy of F.

From the definition of Ej,, we have n;, = 32, and so
the following.

Lemma 12: & = Q(logny). [ ]
The following lemma can be proved similarly to Lemma 9.
Lemma 13: 7(E)) > h.

Proof.  The proof is by induction on 4. 7(E3) = 3 by
Lemma 10. Suppose 7(Ej-1) > h — 1. We will show that
7(Ep) > h. Suppose contrary that 7(Ej;) = h — 1, and let

T ={vi,va,...,v1}

be a complete test set for Ej,. Since 7(Ej—1) > h—1, W(Ej—_1)
is not controllable by 7" = {v1,v,,...v,_}. Thus there ex-
ist i, j,k € [@)—1] such that none of W§0)’ wg.i), and wg’j) is
controllable by 7’. So, by similar arguments to the proof of
Lemma 9, we conclude that if F; j; is a copy of F' with the
top bit on wg”), and E; ;; is a copy of E consisting of the
left three gates of F; jx, then W(E; ;i) is not controllable by
Lemmas 10 and 11, which is a contradiction. Thus, we have
7(Ep) = h. |

From Lemmas 12 and 13, we obtain Theorem 3. [ ]

6. Concluding Remarks

It should be noted that (1) is merely an existential upper
bound. Itis an interesting open problem to find a polynomial
time algorithm to construct a complete test set of such size.

We can show that 7(E) = Q(loglog|W(E})|), though
the proof is rather complicated.

References

[1] C. Bennett, “Logical reversiblity of computation,” IBM J. Res. Dev.,
vol.17, pp.525-532, 1973.



TAYU et al.: FAULT TESTING FOR REVERSIBLE CIRCUITS

[2]

[3]
(4]
(5]

(6]

(71

A. Chakraborty, “Synthesis of reversible circuits for testing with uni-
versal test set and c-testability of reversible iterative logic array,” Proc.
18th International Conference on VLSI Design, 2005.

R. Landauer, “Irreversibility and heat generation in the computing
process,” IBM J. Res. Dev., vol.5, pp.183—-191, March 1961.

R. Merkle, “Two types of mechanical reversible logic,” Nanotechnol-
ogy, vol.4, pp.114-131, Feb. 1993.

M. Nielsen and I. Chuang, Quantum Computation and Quantum In-
formation, Cambridge University Press, 2000.

K. Patel, J. Hayes, and 1. Markov, “Fault testing for reversible cir-
cuits,” IEEE Trans. Comput.-Aided Des., vol.23, pp.1220-1230, Aug.
2004.

V. Shende, A. Prasad, I. Markov, and J. Hayes, “Synthesis of re-
versible logic circuits,” IEEE Trans. Comput.-Aided Des., vol.22,
pp-710-722, June 2003.

Satoshi Tayu received the B.E., MLE., and
D.E., degrees in electrical and electronic engi-
neering from Tokyo Institute of Technology, To-
kyo, Japan, in 1992, 1994, and 1997, respec-
tively. From 1997 to 2003, he was a research
associate in the School of Information Science,
Japan Advanced Institute of Science and Tech-
nology, Ishikawa, Japan. He is currently an
assistant professor in the Department of Com-
munications and Integrated Systems, Graduate
School of Science and Engineering, Tokyo In-

stitute of Technology. His research interests are in parallel computation.
He is a member of IPSJ.

ShigeruIto  received the B.E. degree in com-
puter science in 2005, and M.E. degree in com-
munications and integrated systems in 2007,
both from Tokyo Institute of Technology, To-
kyo, Japan. In 2007, he joined NTT Commu-
nications, Japan.

Shuichi Ueno received the B.E. degree in
electronic engineering from Yamanashi Univer-
sity, Yamanashi, Japan, in 1976, and M.E. and
D.E. degrees in electronic engineering from To-
kyo Institute of Technology, Tokyo, Japan, in
1978 and 1982, respectively. Since 1982 he has
been with Tokyo Institute of Technology, where
he is now a professor in the Department of Com-
munications and Integrated Systems, Graduate
School of Science and Engineering. His re-
search interests are in the theory of parallel and

VLSI computation. He received the best paper award from the Institute
of Electronics and Communication Engineers of Japan in 1986, the 30th
anniversary best paper award from the Information Processing Society of
Japan in 1990, and the best paper award of APCCAS 2000 from IEEE in
2000. Dr. Ueno is a member of IEEE, SIAM, and IPSJ.

2775



