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Abstract—1It has been known that every 6-graph has a 3-bend
3-D orthogonal drawing, while it has been open whether every 6-
graph has a 2-bend 3-D orthogonal drawing. For the interesting
open question, it is known that every 5-graph has a 2-bend 3-
D orthogonal drawing, and every outerplanar 6-graph without
triangles has a O-bend 3-D orthogonal drawing. We show in
this paper that every series-parallel 6-graph has a 2-bend 3-D
orthogonal drawing.

I. INTRODUCTION

We consider the problem of generating orthogonal drawings
of graphs in the space. The problem has obvious applications in
the design of 3-D VLSI circuits and optoelectronic integrated
systems [7], [11].

Throughout this paper, we consider simple connected graphs
G with vertex set V(@) and edge set E(G). We denote by
de(v) the degree of a vertex v in G, and by A(G) the
maximum degree of a vertex of G. G is called a k-graph if
A(G) < k. It is well-known that every graph can be drawn in
the space so that its edges intersect only at their ends. Such
a drawing of a graph G is called a 3-D drawing of G. A
3-D orthogonal drawing of G is a 3-D drawing such that
each edge is drawn by a sequence of contiguous axis-parallel
line segments. Notice that a graph G has a 3-D orthogonal
drawing only if A(G) < 6. A 3-D orthogonal drawing with no
more than b bends per edge is called a b-bend 3-D orthogonal
drawing.

Eades, Symvonis, and Whitesides [4], and Papakostas and
Tollis [10] showed that every G6-graph has a 3-bend 3-D
orthogonal drawing. Eades, Symvonis, and Whitesides [4] also
posed an interesting open question of whether every 6-graph
has a 2-bend 3-D orthogonal drawing. Wood [14] showed that
every 5-graph has a 2-bend 3-D orthogonal drawing. Nomura,
Tayu, and Ueno [9] showed that every outerplanar 6-graph has
a 0-bend 3-D orthogonal drawing if and only if it contains no
triangle as a subgraph, while Eades, Stirk, and Whitesides [3]
proved that it is N'P-complete to decide if a given 5-graph has
a 0-bend 3-D orthogonal drawing.

We show in this paper the following theorem.

Theorem 1: Every series-parallel 6-graph has a 2-bend 3-D
orthogonal drawing. [ |

The proof of Theorem 1 is constructive and provides a
polynomial time algorithm to generate such a drawing for a
series-parallel 6-graph.

It is still open whether every 6-graph has a 2-bend 3-
D orthogonal drawing. It is also open whether every series-
parallel 6-graph has a 1-bend 3-D orthogonal drawing.
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For the two-dimensional case, Biedl and Kant [2], and Liu,
Morgana, and Simeone [8] showed that every planar 4-graph
has a 2-bend 2-D orthogonal drawing with only exception of
the octahedron. Moreover, Kant [6] showed that every planar
3-graph has a 1-bend 2-D orthogonal drawing with the only
exception of K. Tayu, Nomura, and Ueno [12] showed that
every series-parallel 4-graph has a 1-bend 2-D orthogonal
drawing. Nomura, Tayu, and Ueno [9] showed that every
outerplanar 3-graph has a 0-bend 2-D orthogonal drawing if
and only if it contains no triangle as a subgraph. On the
other hand, Garg and Tamassia [5] proved that it is NP-
complete to decide if a given planar 4-graph has a 0-bend 2-D
orthogonal drawing. Battista, Liotta, and Vargiu [1] showed
that the problem can be solved in polynomial time for planar
3-graphs and series-parallel graphs.

II. SERIES-PARALLEL GRAPHS

A series-parallel graph is defined recursively as follows.
(1) A graph consisting of two vertices joined by a single
edge is a series-parallel graph. The vertices are the
terminals.

If 1 is a series-parallel graph with terminals s; and
t1, and Go is a series-parallel graph with terminals
so and to, then a graph GG obtained by either of the
following operations is also a series-parallel graph:

(i)

(@)

Series-composition: identify t; with so. Ver-
tices s1 and ¢9 are the terminals of G.
Parallel-composition: identify s; and ss into
a vertex s, and ¢; and ¢ into t. Vertices s
and t are the terminals of G.

(ii)

III. 3-D EMBEDDINGS AND ORTHOGONAL DRAWINGS

The three-dimensional (3-D) grid G is an (infinite) graph
consisting of Z3, the set of grid-points in 3-D space with
integer coordinates, together with the axis-parallel edges con-
necting neighboring grid-points. The grid-points are also con-
sidered as vectors. The 3-D embedding (¢, p) of a graph G is
defined by a one-to-one mapping ¢ : V(G) — V(G) = Z3,
together with a mapping p that maps each edge (u,v) € E(G)
onto a path p(u,v) in G that connects ¢(u) and ¢(v). A path
P in G is called a k-bend path if P contains k bends.

Let Dt = {(1,0,0),(0,1,0),(0,0,1)}, D~ = {(-1,0,0),
(0,-1,0),(0,0,—1)}, and D = DT UD~. A vector in D is
called a direction.

Let (¢, p) be a 3-D embedding of a graph G, and (u,v) €
E(G). If g is a grid-point adjacent with ¢(u) in path p(u,v)
in G, there exists a direction d € D such that g = ¢(u) + d.
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We denote such d by af (e). It is easy to see the following
lemma.
Lemma 1: If p(u,v) is a 2-bend path, p(u,v) is uniquely
determined by ¢(u), ¢(v), af(e), and af (e). [ |
Figure 1 shows a 2-bend path p(u,v) determined by ¢(u) =

(0,0,0), ¢(v) = (3,2,1), af(e) = (0,0,1), and af(e) =
(—=1,0,0).
(021 o4 =(3,2,1)
(0,0, 1
= (0,0,0)

Fig. 1. Example of a 2-bend path p(u, v).

Two grid-points g and g + (a,b,c) are said to be in the
general position if abe # 0. Let go, g1 = go+ (v1, Y1, 21), and
g = go + (xg,yg,zg) be grid-points in the general position.
Then, we define g1 =4, g2 if |wi| < |wa| or wiws < 0 for
any w € {x,y,z}. A 3-D embedding (¢, p) of G is called a
T-embedding if all of the following conditions are satisfied:

Condition A: If u # v then ¢(u) and ¢(v) are in the general
position,
Condition B: For any distinct edges e, ¢’ € E(G) incident to
a vertex u, af (e) # ol (e'),
Condition C: p(e) is a 2-bend path for any e € E(G),
Condition D: For any edges e; = (u,v1) and ea = (u,v2)
incident to a vertex u, (D-1) or (D-2) below holds;

(D-1) afi(er) = +al, (e2);

(D-2) B(v1) Zg(u) P(v2) or d(va) =Zg(u) P(v1)-

It follows from Condition B that G has a 7-embedding only
if G is a 6-graph. The purpose of this section is to show the
following theorem.

Theorem 2: A T-embedding of a 6-graph G induces a 2-
bend 3-D orthogonal drawing of G.

Proof (Sketch): ~ The theorem is proved by Lemma 1
together with the following two lemmas.

Lemma 2: Let (¢, p) be a 3-D embedding of G satisfying
Conditions A through C. If edges e; and ey have no common
ends, paths p(e1) and p(es) are disjoint.

Proof:  Omitted in the extended abstract.

Lemma 3: Let (¢, p) be a 3-D embedding of G satisfying
Conditions A through C. If any adjacent edges e; = (u,v1)
and ez = (u,vq) satisfy Condition D, p(e1) and p(ez) are
internally disjoint.

Proof:  Omitted in the extended abstract. [ ]

I'V. PROOF OF THEOREM 1 (SKETCH)

Let G be a series-parallel 6-graph with terminals s and ¢.
Before proving the theorem, we need some preliminaries.

IV-A. 9-CuBIC 3-D EMBEDDINGS

Let p = (pz:,py,p-) and ¢ = (g, qy,q-) be grid-points
in the general position, and let g&’i (p,q) = min{py, g} and

gr(rﬁ)x(n q) = max{pw, ¢ } foreach w € {z,y, z} A 3 D sub-

grid @, 4 induced by a set of grid points {(zm7 Gy, s )\gltm511 (p, q)
< is < ga(p. @) g (9. 0) < iy < (P, ), Gon (P )

<i, < gr(fgx(p,q)} is called a center-cube for p and ¢. Let
q=p+(a,b,c). For each o C {x,y, 2z}, define grid points g,
as follows:

g9 = D
9y = p+(a,0,0),
gy = p+(0,0,0),
gizy = p+(0,0,0),

9izyy = p+(a,0,0),
9iyzy = p+(0,0,0),
92y = p+(a,0,c), and

Yizy=y = pPF(abc) =¢q

Each g, corresponds to a corner of @), ;. Figure 2 (a) shows
an example of @), , and g, when p, < ¢, p, > ¢y, and
p: > .. Let § and v be some sufficiently large and small
integers, respectively, and let

X = {iz]y <z < gmm(% q)} if zeo,
7 {iz|gr(ff22X(P, q) <iy <6} if zdo,
v _ A< <dfma) i yeo
{iylo%(p,q) <iy, <6} if ydo,

;. _ JHih<i<ginmay it zeo
0 {i-lgiidx(p,q) <i. <8} if zdo

For each o C {z,y,z}, Q5 , is a 3-D subgrid induced by a
vertex set {(ig,iy,1.)|iz € X501y € Yo,i. € Zs}. A 3-D
grid Q7 , is called a corner-cube for p and gq. We define that

Vg =V(Qpq)U UUC{x,y,z} V(Q3.,)- Figure 2 (b) illustrates
an example of @, , and corner cubes Q7

(6,0,9)
{y.2}
p,q

{z,y,2}
a4

{z,z
p.q

g{ry,z} {y=z}

{z}

() o A a
P ; <p,q

o9{yy A T :
g } 90 z Q{J} J/ g rZ,
t Yy p.q J Y
Yoy} |y T T T

] 0
(77 7) Qi @

(@) Qp,q- () Qp,q and QF ;.

Fig. 2. Cubes for p and q.

Let (¢, p) be a 3-D embedding of a series-parallel 6-graph G
with terminals s and ¢, and let D, and D; be sets of directions
such that |Ds| = dg(s) and |D:| = dg(t). Then, (¢, p) is said
to be 9-cubic for (D, Dy) if ¢(V(G)) C Vyes),e1)> Ds =
{a?(e)le € Eg(s)}, and Dy = {af(e)le € E(t)}, where
E¢(v) is the set of edges incident to v in G.
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IV-B. FEASIBLE PAIR

For two vectors a = (ag,ay,a.) and b = (by, by, b.), we
define that a * b = (agbs, ayby, a,b,). We denote by a - b the
inner product of @ and b. A vector 7 € {—1,1}3 is called
a diagonal direction. For a diagonal direction r, let D} =
{(1,0,0)*r,(0,1,0)*r,(0,0,1)xr} and D, = D — D;. It
should be noted that dxr € DT if and only if d € D} and
d-r = 1. Also, d«r € D~ if and only if d € D,; and
d-r=-1.

For any D1, D2 C D, (D1, D3) is said to be non-admissible
if D; = {d} and Dy = {—d} for some d € D. Otherwise,
(D1, Do) is said to be admissible.

For D1, D2 C D and a diagonal direction r, (D1, D2) is said
to be inner-directed for 7 if there exist directions ds € D,ND;"
and d; € D; N D, such that d, - d; = 0, and (D, — {d,},
D; —{d;}) is admissible.

For a series-parallel 6-graph with terminals s and ¢, a
diagonal direction v, and Ds, D; C D, (Dg, Dy) is said to
be feasible for G and r if all of the following conditions are
satisfied:

(D |DS‘ = dG(S)’
(2) D¢ =da(t),
(3) (Ds, Dy) is inner-directed for » if (s,t) € E(G), and
(4) (D, Dy) is admissible if (s,t) € E(G).
It should be noted that if (D, D;) is feasible for some G and
r € {—1,1}3 then (Ds, D;) is also admissible.

It is easy to see the following.

Lemma 4: For any series-parallel 6-graph G and any diag-
onal direction » € {—1,1}3, there exist D, D; C D such that
(Ds, Dy) is feasible for G and r. [ |

IV-C. PROOF

For any grid-points p and ¢ = p + (a,b, ¢) in the general
position, a diagonal direction (a/|al,b/|b|, ¢/|c|) is denoted by
R, ,. Now, we are ready to show the following.

Theorem 3: For a series-parallel 6-graph G' with terminals
s and t, a diagonal direction r, and Dy, D; C D such that
(Dg, Dy) is feasible for G and », there exists a 9-cubic 7-
embedding (¢, p) of G such that {a’(e)le € Eg(s)} = Dy,
{af(e)|e € Eg(t)} = Dy, and R¢>(s),¢>(t) =T. |

The proof of Theorem 3 is shown in the next section.
Theorem 1 follows from Theorems 2 and 3, and Lemma 4.

V. PROOF OF THEOREM 3 (SKETCH)

The theorem is proved by induction on |E(G)].

If |[E(G)| = 1, G is a graph consisting of only one edge
(s,t) and so |Ds| = |D¢| = 1. Since (s,t) € FE(G) and
(Ds, Dy) is feasible for G and a diagonal direction r, (Dj,
D;) = ({ds},{d;}) is inner-directed for r. Without loss of
generality we assume that » = (1,1,1), ds = (1,0,0), and
d: = (0,—1,0). Define a 3-D embedding (¢, p) of G as
follows: ¢(s) = (0,0,0), ¢(t) = (1,1,1), and p(s,t) is a
path connecting ¢(s) and ¢(t), and passing through (1,0, 0)
and (1,0, 1) as shown in Fig. 3. It is easy to see that (¢, p) is
a 9-cubic T-embedding of G.

¢(t) - (17 1, 1)
d;

(25(8) = (Oa 0, O) — d,

Fig. 3. 9-cubic T-embedding of G.

Let |E(G)| > 2, and suppose that the theorem is valid for
every series-parallel 6-graph with less than |E(G)| edges. We
distinguish two cases.

V-A. CASE 1: PARALLEL-COMPOSITION

We consider the case when G is a parallel-composition of
series-parallel graphs (G; and G2. We denote the terminals of
G, and G3 by s and t. We further distinguish two cases.
Case 1-1 (s,t) € E(G).

Without loss of generality, we assume that (G; consists of
exactly one edge (s,t¢) and G is the graph obtained from G
by deleting the edge (s,t). Then, (D, D;) is inner-directed
for r since (Ds, D) is feasible for G' and r. We can prove
the following.

Lemma 5: There exist dg € D, and d; € D; such that
({ds},{d:}) is feasible for G; and », and (D, — {ds},
D; — {d;}) is feasible for G5 and 7. [ |

Thus, by the induction hypothesis, G; has a 9-cubic 7-
embedding (¢, p™)) for 7. Also, Gy has a 9-cubic 7-
embedding (¢(?), p(?)) for 7.

We can prove that we can construct a 9-cubic T-embedding
(¢, p) of G for (Dy,D;) and r from (¢(1) p(1) and (¢,
p3).

Case 1-2 (s,t) € E(G).

We can prove the following.

Lemma 6: D, can be partitioned into Dg,l) and D,g2) for
v € {s,t} such that <D£1), Dt(l)> is feasible for G; and r and
<D§2),D§2)> is feasible for G and 7. [ |

Thus, by the induction hypothesis, G; (: = 1,2) has a 9-
cubic 7-embedding (¢, p®) for (D, DV} and r.

We can prove that we can construct a 9-cubic T-embedding
<g(b,)p> of G for (D, D;) and r from (1), p(1)) and (),

2

).

V-B. CASE 2: SERIES-COMPOSITION

We consider the case when G is a series-composition of
series-parallel graphs G; and G,. Without loss of generality,
we denote the terminals of G; by s and u, and those of G>
by u and t.

Since (D, D;) is admissible, there exist ds € Dy and d; €
D, satistying ds # —d;. We further distinguish three cases.
Case 2-1d, € D and d; € D,..

We can prove the following.

Lemma 7: There exist disjoint sets fo) and D,(f) of direc-
tions such that (Dy, Dq(f)> is feasible for G; and r and <D7(f),
Dy) is feasible for G2 and 7. [ ]
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Thus, by the induction hypothesis, G; has a 9-cubic 7-
embedding (1), p(V) for (D,, D) and 7, and G has a
9-cubic T-embedding (32, p®) for (D, D;) and .

We can prove that we can construct a 9-cubic 7-embedding
<q(>,)p> of G for (D,,D;) and r from (¢!, p™) and (¢?,
p?).

Case 2-2 d; € D} and d; € D;f or ds € D, and d; € D, .

It should be noted that d,-r = d;-r. Letry = rifds-r =1
and 7y = —r otherwise, and let r,, = —r;. We can prove the
following.

Lemma 8: There exist disjoint sets DS) and Dq(f) of direc-
tions such that (D, Dq(f)> is feasible for Gy and 74 and (fo),
Dy) is feasible for G2 and r,,. [ |

Thus, by the induction hypothesis, G; has a 9-cubic 7-
embedding (¢, p(M)) for <DS,D£LS)> and r, and Go has a
9-cubic T-embedding (¢, p?)) for (DY, D,) and r,.

We can prove that we can construct a 9-cubic 7-embedding
(¢,p) of G for (Dy,D;) and r from (p(V), p(1)) and (),
p).

Case 2-3 d, € D, and d; € D}}.

Let r = r + 2d, and r, = —7,. It should be noted that
rs € {—1,1}3, since ds -7 = —1. We can prove the following.

Lemma 9: There exist disjoint sets fo) and Dq(f) of direc-
tions such that (D, fo)> is feasible for G; and 7, and (fo)7
Dy) is feasible for G and r,,. [ |

Thus, by the induction hypothesis, G; has a 9-cubic -
embedding (¢, pM)) for (D,, D) and 7., and G5 has a
9-cubic 7-embedding (32, p@) for (D, D;) and 7.

We can prove that we can construct a 9-cubic T-embedding
(¢,p) of G for (Dg,Dy) and r from (¢p(V), p(1)) and (42,
p®)

This completes the proof of Theorem 3.

VI. EXAMPLES

A series-parallel 6-graph G shown in Fig. 4(a) is a parallel-
composition of series-parallel 6-graphs G; and Gy shown
in Fig. 4(b) and (c), respectively. Given D, = {(—1,0,0),
(0,0,-1)}, D, = {(-1,0,0),(0,—1,0)}, and a diagonal
direction » = (—1,1,1), there exist d;, = (—1,0,0) and
d:; = (0,—1,0) such that ({ds}, {d:}) is feasible for G; and
r, and ({(0,0,—-1)},{(-1,0,0)}) is feasible for G2 and r by
Lemma 5.

A 9-cubic T-embedding (¢("), p™M) of Gy for ({d},{d;})
and r is shown in Fig. 4(e), and a 9-cubic 7-embedding <<Z>(2)7
p@) of Gy for ({(0,0,—1)},{(~1,0,0)}) and r is shown in
Fig. 4(f). We obtain a 9-cubic 7-embedding (¢, p) of G for
(Dy, D;) and 7 from (™), p(M) and (¢(?, p(?)) as shown in
Fig. 4(g). The 9-cubic 7-embedding (¢, p) of G induces a 2-
bend 3-D orthogonal drawing of G by Theorem 2.
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